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1. Introduction
The braid group B, was introduced by Artin [3] in 1926 to study knots:

B, = <(Ji)?;11 | 0501410, =0i4100i41, 1 <i<n—2, 0,0;=0,0j, |i—j|>2).
(1.1)

Despite many very profound results in the classifications of knots, the general problem
remains unsolved. We mention only some polynomial invariants without any details:
Alexander polynomials, Jones polynomials, Kauffman polynomials, Reshetikhin-Turaev
quantum polynomials, Vasiliev invariants etc. The same is true for the classification of
the representation of B,,. See e.g. [30] for representations of Bs.

Our main aim is to connect two well-known representations of the braid groups: the
Lawrence—Krammer and the Burau representations of B,,.

In 1936 W. Burau introduced [10] the family of representations of the braid group B,
as the deformation of the standard representation of the symmetric group S, see (2.1).
The Burau representation for n = 2,3 has been known to be faithful for some time,
i.e., the kernel of the corresponding representation is trivial. Indeed, in 1969 Magnus and
Peluso [23] showed that the Burau and Gasner representations are faithful for n = 2, 3.
See also J. Birman [8, Theorem 3.15], [9]. Moody [24] in 1991 showed that the Burau
representation is not faithful for n > 9; this result was improved to n > 6 by Long and
Paton in 1992, [22]. The non-faithfulness for n = 5 was shown by Bigelow in 1999, [4].
The faithfulness of the Burau representation for n = 4 is an open problem.
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The Burau representation appears as a summand of the Jones representation [13], and
for n = 4, the faithfulness of the Burau representation is equivalent to that of the Jones
representation, which furthermore is related to the question of whether or not the Jones
polynomial is an unknot detector [7]. The problem of the linearity, i.e., the existence
of the faithful representation, for the braid groups B, for n > 4 remains open until
2000. In 1990 R. Lawrence [20] constructed a two-parameter family of representation
of the braid group B, using homological methods. In 2000, D. Krammer [17], using
completely algebraic methods constructed the same representations and showed that
this representation is faithful for B,. One year later, in 2001, S. Bigelow showed that the
Lawrence—Krammer (LK) representation is faithful for all B,,. Next year, D. Krammer
[18] proved the same result by a different method. Finally, it was established that the
braid groups B,, are linear for all n: in particular, for n < 3, one can use Burau and for
n > 4 one can use LK representations.

We show that the Lawrence—Krammer representation is a quantization of the symmet-
ric square of the Burau representation. The hint is the following: both representations

2= and their spectrums coincide, see Remark 2.4.

of B,, have the same dimensions
This connection allows us to construct new representations of the braid groups.

Another three hints are as follows: Lickorish [21] observed that the Kauffman polyno-
mial (related to the BMW algebras) at a particular parameter choice r = ¢3 is the same
as the square of the Jones polynomial at some parameter choice. This paper investigates
the relationships and inter-connections between various polynomial invariants of classical
links, particularly the Jones polynomial.

Zinno [32] showed that the LK representation comes from the corresponding Birman—
Murakami-Wenzl (BMW) algebra, i.e. for r = ¢ (his parametrization is a little dif-
ferent). A connection is made between the LK representation and the BMW algebra.
Inspired by a dimension argument, a basis is found for a certain ireducible representa-
tion of the algebra, and relations which generate the matrices are found.

Finally Larsen and Rowell showed [19] that the symmetric square of the Temperley-
Lieb algebra was related to the same BMW algebra. More precisely, they establish
isomorphisms between certain specializations of Birman-Murakami-Wenzl algebras and
the symmetric squares of Temperley-Lieb (TL) algebras. Thus the fact that the reduced
Burau is a representation of the TL-algebras, and the LK is a representation of certain
BMW-algebras suggests that the main result of our paper is a manifestation of this.

Formanek et al. [12] also has some classification results for all B,,. Namely, they
classified all representations for B,, in dimension < n.

The content of the article is as follows. In Section 2.1 we recall the definition of the
Burau representation for B, in Section 2.3 we define the Lawrence—Krammer repre-

)

sentation Kff’q with the corrections made by Bigelow. In Lemma 2.1 we establish the

connection between k{? and kfffl) , see (2.17). Some generalizations of Burau represen-
tation are done in Section 2.4. The main result, Theorem 2.3, is stated in Section 2.5. The
Pascal triangle and the connection with representations of the group Bz and with the

representations of a Lie algebra sls is done in Section 2.8. The important object ¢- Pascal
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triangle and representations of Bs, see [16], connected to the Tuba-Wenzl results [28,29],
are explained in Section 2.9-2.10. In Section 2.11 we define two symmetric bases of V@V
The proof of Theorem 2.3 is done in Section 2.12. The essential ingredient is Lemma 2.1.
Section 3.1 is devoted to the possible way of constructing new representations of B,
starting from representations of the Lie algebra sl,_;.

2. Connection between the Lawrence—-Krammer and the Burau representation
2.1. The Burau representation of By,

The Burau representation p : B, — GL, (Z[t,t_l]) of B,, is defined for a non-zero
complex number t by

o=~ 11 ® (1?58) eI, i1, (2.1)
where 1—t is the (4, 7) entry. For ¢t = 1 this is the standard representation of the symmetric
group S, interchanging by matrix ({ ! ) two neighbors basic elements ¢; and ;1 in the
space C™. The vector e = e; + - - - + e, is invariant for p, therefore the representation p
splits into 1-dimensional and an n—1-dimensional irreducible representations, known as
the reduced Burau representation pgf) : B, — GL,_1 (Z ¢, t’l])

oo (30)@hs, onmhso (371), (2.2)
1-t0

oi»—>Ii_2@<O—t0>@In_i_2, 2<i<n—2. (2.3)
0-11

We use the following equivalent form of the reduced Burau representation pgf ) B, —

GLyn—1(Z[t,t7']), compare with (2.2) and (2.3):

01— (Bti) bl 3, op1—1, 36 (1 _Ot>, (24)
100

O'ii—>_[i2€9<1tt)@[ni2,2<i<n—2. (25)
001

The equivalence is given by

(L toN 110\ ()T /100 ' 001
j o lo-to]j=(o-to |+ (1-tt]), where j=(o0-10],
0-11 0t 1 001 100

and AT is the matrix transposed to A.
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2.2. The reduced Burau representation of Boo
Define the group B, as follows
Boo={((0i)icz |0i0i410i=0i410:0i41, 1 € L, 0,05 = 0505, |i—j|>2). (2.6)
Consider a complex Hilbert space

H=10(2) ={z = (we)rez | |2]* =D |ax]* < o0} (2.7)
kEZ

with its standard orthonormal basis e = (ex)r ¢ z defined by ex = (dn)n e z. Define the
reduced Burau representation of the group By in the space H as follows:

100
Ui'_)bi,oo: m@(ltt)@loo, iGZ, (28)
001

where —t is the (7,4) entry. It is clear that bj+1 o is obtained from b; o by shifting the
basis e : e, — eny1. More precisely, if we denote by J the unitary operator on ¢5(Z)
defined as follows: Je,, = e,4+1, n € Z we get representation

Jbi o d 7H = bit1 00 (2.9)

Next, denote by P, the orthogonal projector of H on the subspace H,, generated by
the first n wvectors, i.e., H, = (e | 1 < k < n). Then we get the reduced Burau
representation: of B, 41:

PubrooPo = p\1(0k), 1<k <n. (2.10)

Denote by J(n) the unitary operator on H,, defined as follows
Jn)ex =ept1, 1<k<n-—1, J(n)e,=e, (2.11)
and by 4, the natural embedding of GL(n — 1,C) into GL(n,C) defined as follows:
GL(n—1,C) > a2 — iy(z) =2 + Enn € GL(1, C). (2.12)
Then we get forn >3, 1<k<n—-2andn—-1<r<n

PO (k) = in (o0 (1)) and p),(00) = T()in (PP (1)) ()™ (213)

Remark 2.1. Formula (2.13) allows us to construct the reduced Burau representation for
B, +1 from the reduced Burau representation for B,,. For n=4 we have
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0 100 100
(t) _ (t) _
0], py (0-2)* 1—tt |}, pyg (03)7 010 )
1 001 01—t
0
1
1
0

1 00
)7 pgt)(%):(g Ot(t))’
0 01

P (ok) = in (05 (1)) and p{ (0,) = J(4)ia (o (0r-1)) T (4) 7. (2.14)
2.83. The Lawrence-Krammer representation of the braid group B,

The Lawrence-Krammer representation K,(Lt’q) of the Braid group B,, was introduced
by Lawrence in [20] (1990), and studied by Krammer in [17,18] and Bigelow in [5,6]. To
give formulas, we follow Bigelow [5] and the corrected version in [6]. The representation
K is the following action of B,, on a free module V' of rank () = STegy With basis
{Fl7]1§1<j§n}

Fjﬂk Zg{] ]' j’ ]‘7k}7
aFir+qlg—VE;+(1—q)F, i=j—1,
Fitik i=j#k—1
0i(Fip) = I+, ) ] 2.15
(Fi) qFi +(1=q)Fjr +q(1 —q)tFip i =k —1# j, (2.15)
Fj,k+1 Z: ]f,
e i=j=k—1.

From [6]: “This action is given in [17], except that Krammer’s —¢ is my t. It is also
in [5], but with a sign error. The name “Krammer representation” was chosen because
Krammer seems to have initially found this independently of Lawrence and without any
use of homology”. We would like to change notations and define the Lawrence-Krammer
representation k‘gf’q) as follows:

Fik iZ¢{j—1j,k—1k}
tFiJg+(1—t)Fj7k—|—t(t—1)Fi7j 1=7 -1,
Fii1k i=j#Fk-1,
oi(Fyp) = 4 49+ : ) 2.16
(F58) tFji+ (1 =O)Fn+q(t —1)F, i=k—1%#] (2.16)
Fj7k+1 7/ == ]f,
qt*F;j i i=j=k—1.
Connection between two representations is as follows:
K9 9(,) =kl (0,), 1<r<n-—1. (2.17)

We think that this choice of the parameters reflects better the situation since, historically
Burau used parameter ¢, and ¢, in our notations, is really a parameter of quantization,
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see (2.58). In particular, the LK representations kS in notations (2.16) for B,, with
2 < n < 6 are as follows':

(t,q) 2
ky " (1) = gt (2.18)
2 - 0o t |o
L qt® [0 t(t—1 :
KD (0y) = S B (os) = (1 1-¢ 1o ), (2.19)
0 1 1-t 0 qt(t—1) |qt
qt? 00 t(t—1) t(t—1) 0 0 t 0 00 O
000 t 0 0 1 1-t 0/ 00 O
(t,q) _ 000 O t 0 (t.q) 0O 0 11 00 0
ki®lo) = 010 120 o o kaT(o2)=[3 =1 0 g2 0i(=1) |
001 0 1-t O 0O 0 0 00 ¢
000 O 0o 1 0 0 0 01 1—t
10 0 0 0 0
00 ¢t [0 0 0
(t,q) _ o1 1t 1o o 0
ki (o3) = | 500 0 ¢ 0 (2.20)
00 0 |1 1-t 0

00 gt(t—1) |0 qt(t—1) gt?

qt? 000 t(t—1) t(t—1) t(t—1) 0 0 0

0 000 ¢ 0 0 000
0000 O t 0 000
(ta) 0100 1t o 0 100
kg™ (01) = 0010 0 1-t 0 000 |’
0001 O 0 1—t 000
0 000 O 0 0 100
0000 O 0 0 010
0000 O 0 0 001
0 t 00/ 000 0 0 0
1 1-t 00 0 00 O 0 0
0 0 10/ 000 O 0 o0
0 0 01 0 00 0 0 0
k(t,q) (0_ ): 0 qt(t—1) 00| ¢t 00 t(t—1) t(t—1) 0
5 2 0 O 00 000 t o o0 |
0 0 00 000 O t 0
0 0 00 010 1—¢ 0 0
0 0 00 001 O 1-t 0
0 0 00 000 O 0 1
10 0 00 O 000 O
00 t 00 0O 000 O
01 1-t 00 0 000 O
00 0 1}0 0 000 O
t, 00 0 00 ¢t 000 0
ké q)(03): 00 0 01 1-t 000 O )
00 O 00 0 100 O
00 qt(t—1) 0] 0 gt(t—1) 0 qt® 0 t(t—1)
00 O 00 0 000 ¢
00 O 00 0 001 1—¢

L Together with Prof. Yang Hui-He and Dr. Mikhail Burtsev, both from LIMS, we found the formulas for
Bs.
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100 0 |00 0 0 0 0
010 0 |00 0 0 0 0
000 t 00 0 0 0 0
001 1-t (00 0 0 0 0
000 0 10 0 0 0 0
000 0 |00 t 0 0 0
000 0 01 1-¢t 0 0 0
000 0 |00 0 0 t 0
000 0 |00 0 1 1-t 0

000 gt(t—1) |00 qt(t—1) 0 qt(t—1) qt>

The formulas of LK representation kh(f

ke (01) =

kD (02) =

7‘1)(

o,) for Bg are as follows:

qt> 0000 t(t—1) t(t—1) t(t—1) t(t—1) 000 0 0 0

0 0000 ¢ 0 0 0 000000
0 0000 O t 0 0 000000
0 0000 O 0 t 0 000000
0 0000 O 0 0 t 000000
0 1000 1—t 0 0 0 000000
00100 0O 1—t O 0 000000
00010 O 0 1-t 0 000000
0 0001 O 0 0 1-t 000000
0 0000 O 1 0 0 100000
0 0000 O 0 1 0 010000
0 0000 O 0 0 0 001000
0 0000 O 0 0 0 000100
0 0000 O 0 0 0 000010
0 0000 O 0 0 0 000001
0 t 000 0000 O 0 0 000
1 1-t 000 0 000 O 0 0 000
0 0 100 0000 O 0 0 000
0 0 010 0000 O 0 0 000
0 0 001 0 000 0 0 0 000
0 qt(t—1) 0 0 0| gt 00 0 t(t—1) t(t—1) £(t—=1) 0 0 0
0 0 000 0000 ¢ 0 0 000
0 0 000 0000 O t 0 000
0 0 000 0000 O 0 t 000
0 0 000 0100 1-t 0O 0 t00
0 0 000 0010 O 1—t 0 000
0 0 000 0001 O 0 —t 000
0 0 000 0000 O 0 0 100
0 0 000 0000 O 0 0 010
0 0 000 0000 O 0 0 001
10 0 000 O 00000 O 0 0
00 ¢t 000 0O 00000 O 0 0
01 1-t 000 0O 000 00 O 0 0
00 0 100 0O 00000 O 0 0
00 0 01]0 0 00000 O 0 0
00 0 00]0 ¢ 00000 0 0 0
00 0 00]1 1-t 00 0 00 O 0 0
00 0 000 O 10000 O 0 0
00 0O 000 0O 01000 O 0 0
00 qt(t—1) 00 |0 qt(t—1) 0 0 qt2 0 0 t(t—1) t(t—1) 0
00 0O 000 0O 00000 ¢t 0 0
00 0 000 O 00000 O t 0
00 0O 000 O 00010 1—t 0 O
00 0 000 O 00001 O 1—t O
00 0O 000 O 00000 O 0 1

(2.21)

(2.22)
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100 0 o000 0O 00 O 00O O
010 O 000 0O 00 0 000 O
000 ¢t 000 O 00 0O 000 O
001 1-t 000 O 00 O 00O O
000 0 100 0 00 0 000 ©
000 ©0 0JI0 0 00 0 000 O
000 O 0J00 t 00 0O 00O O
két"I)(g4): 000 O 0]01 1-t 00 O O0O0O0 O ,
000 O 000 O 10 0 000 O
000 O 000 O 00 ¢t 000 O
000 O 000 0O 01 1-t 000 O
000 O 000 0O 00 0O 100 O
000 gt(t—1) 0 |0 0 gt(t—1) 0 0 gt(t—1) 0 gt 0 t(t—1)
000 O 0]00 O 00 O 00O t
000 O 000 O 00 0 00 1 1-t
1000 O 000 O 00 O 0 O 0
0100 O 000 O 00 O 0 O 0
0010 O 000 0O 00 O 0O O 0
0000 t 000 0O 00 O 0O O 0
0001 1-t [000 0O 00 0O 0 © 0
0000 ©0 [100 0 00 0 0 0O 0
0000 O 010 0O 00 O 0O O 0
k;g’q)(gs): 0000 O 000 t 00 O 0 O 0
0000 O (001 1-t 00 O O O 0
0000 O 000 O 10 0 0 O 0
0000 O 000 O 00 t 0 O 0
0000 O (000 0 01 1-t 0 O 0
0000 O 000 O 00 O O t 0
0000 O 000 O 00 O 1 1-t O

0000 qt(t—1) [0 00 qt(t—1) 0 0 gt(t—1) 0 gt(t—1) gt>

To connect representations kﬁtjrql) and ki? we introduce some notations. Define for o €

Sy, where S, is a permutation group, and
o= (o<11> o@) . atn—1) a?n))»
the basis permutation operator s, € GL(n,C), defined by
So€k = €g(k), 1<k<mn, (2.23)
where (er)7_, is a standard basis in C”.
Lemma 2.1. 2 We have the following relations between kff’q) and kitfl):

kK (00) =gt (t=1) B 1), (rir1) = D1 » k8D (0,21), 2<r<n,  (2.24)

Sonpin (K8 (00) —tt=1) B ni),1,2) 55, , =k (01) & Diyr 1,

where Dy, and ss, ., are defined below.

2 After proving this lemma, the author asked Dr. Mikhail Burtsev from LIMS to find the connection
between k{7 and kffjrql) with GPT 03. The result was not the same but rather similar.
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Proof. If we compare (2.19) and (2.18) we get

kgt’q)(ag) —qt(t —1)E1323 = D32 @ két,q) (1),
kS (01) — t(t — 1) Bas 12 = k§"?(01) @ Dy,

0 t 123
WhereDggiDgli(llit), 031:(123):6653.

The expression for o3; follows from the arrangement of the lexicographic order
12 13 12 12
(Fo5), (F5)—=(75)-
If we compare (2.19) and (2.20) we get

k‘f; )(03) —qt(t —1)E1430 = Dy @ k ’q)( 2),
k‘(t’Q)( 2) — qt(t —1)Ei3.93 = Dyo @ kg ’Q)(Gl),
8041 (k( q)(O'l) — t(t — 1)E24 12) 041 = k§t7q)(01) &, D41,

10 0 0t O
where D43 = 00 t R D42 = D41 = 11-t0 |,
011-—¢ 0 0 1

1234156
ando41:( | | )

12/43156

The expression for 041 follows from the arrangement of the lexicographic order

12 13 14 123 124
2324 |, 45 | — 35 .
34 6 6

If we compare (2.20) and (2.21) we can observe

K" (04) = att = 1) Brs,u5 = Dsa @ k" (03)
kP (03) — qt(t — 1) Era 34 = Dsz ® kS (02),
k0D (00) — qt(t — 1) Eiz 03 = Do ® k$°Y (01),
5o, (kéf’q)(m) —t(t — 1) Eas.12) s, = k" (01) @ Dsy

03),

12345678910 q
12374586910 ) 21

100 0 110 0 |0 0t [00
_ 010 O _ oo ¢t |0 . o 11—¢t1]00
D54— (()1 0 ¢ )7 D53— (0 11—t 0>7D52—D51— (0 0 10>~
0 0 |1 0

001 1—t 0 01

where 051 = (

The expression for 051 follows from the arrangement of the lexicographic order

12 13 14 15 123 4 1237

23 24 25 56 7 45 8
3435 |7 8 9 - 6 9 :

45 10 10

(2.28)

(2.29)
(2.30)
(2.31)

(2.32)

(2.33)

(2.34)

(2.41)
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If we compare (2.21) and (2.22) we get connection between két’q) and k:ét’Q)

k" (05) — qt(t — 1) Eig56 = Des @ kS (04), (2.42)
k"D (04) — qt(t — 1) Ei5.45 = Dos @ ki (03), (2.43)
kS (03) — qt(t — 1) Era 31 = D3 ® k% (o), (2.44)
k& (0) — qt(t — 1) E13 23 = Do @ k" (01), (2.45)
Soo (KD (01) = t(t — 1) Eag12) s, = k" (1) & De1, (2.46)
where 061= (1334 1156712 8 o 15 10 11 15) and (2.47)

100[0 0 100 0 |

0 00

01010 0 0110 0 |0 0 ¢

Degs =] o010 0 |, Dgg= 0010 ¢t 0|, Dgz=|ofr1-tloo |,
00110 ¢ 00[11—¢10 00 0"710
00011t 00(0 0 |1 010 0

01
0 t 000
11-£[000
Dgy=Dgi= |00 100 |. (2.48)
0 0 010
0 0 [001

The expression for og; follows from the arrangement of the lexicographic order

12 13 14 15 16 123 45 123 4 11

23 24 25 16 6789 56 7 12
343536 |, o112 | — 8913 ]. (2.49)

45 46 13 14 10 14

56 15 15

The general relations (2.24) we can obtain in a similar way. O

Remark 2.2. We can observe that due to the description of the spectrum kﬁt’q) given
below by (2.62), the diagonal part diag(kr(f’q) (or)) of k8D (,) for all 1 < r < n are the
same, up to some permutation:

diag(k59(0,)) ={qt*, 0,...,0, 1 —¢t,...,1— ¢, 1,...,1 1. (2.50)
—_—— N —— N—_——
n—2 times n—2 times (n—1)(n—2)/2—(n—2), times

2.4. Representations of B,4+1 via representations of the Lie algebra gl,,

We can generalize the reduced Burau representation of B,, just observing, see [16],
that pgf ) is a product of several exp’ s of an appropriate Serre generators of the natural
(or fundamental ) representation of the Lie algebra si,, (in fact of gl,,), see (2.57). To be
more precise, we show that the reduced Burau representation for Bs

o (G, e (19), (2.51)

can be rewritten as follows:
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o= () = (30 (5 7") = exp(sEn) exp(—Ena), (2.52)

o9 > (1 _Ot) = (1 (1)) (é _Ot) = exp(F21) exp(sFa2), (2.53)

where Ey,, are matriz unities and s = In(—t) for negative ¢.
For B, the reduced Burau representation is defined as follows:

o\ By — GL3(Z[t,t 7)),

—tt0 100 100
op—|o010), 00—~ (1-tt ], o3~ (010 ], (2.54)
001 001 01—t
—ttO0 —t00 1-10
o= o10)=[ o010 010 | =exp(sE1)exp(—FE2),
001 001 001
100 100\ /100 100
oo | 1—t¢ |=(110])(0-¢t0 01 -1 | =exp(E21)exp(sEa) exp(—FEas),
001 001/ \00 1 00 1
100 100 100
o3 — <01 0 ) = (010) (01 0 ) = exp(Fs2) exp(sFs3),
01 —t 011 00—t

where s = In(—t) when ¢ < 0. Finally, we get

o1 = exp(sE11) exp(—X1), o2 = exp(Y1) exp(sE22) exp(—X2), (2.55)
o3 = exp(Y2) exp(sEs3). (2.56)

Remark 2.3. In the general case for arbitrary B, the formulas are similar, see (2.57).
We can use this formula, factorizations of o;, for quantization of the symmetric square
of the reduced Burau representations, since it is easy to quantize the Pascal triangle, see
Sections 2.10, 2.12, especially formulas (2.106) and (2.108).

Below we give the Cartan matriz A corresponding to a Lie algebra sl,, and “the rule to
obtain” the right formulas, where Xy = Eggy1, Yi = Egt1r and Hy = Egp — Bkt k11,
1 <k <n-—1, are the Serre generators of sl,,:

2 -1 0 0 0 0 En —X
12 -1 0 0 0 i Bz —Xp
- o Yo Ezz —X3
0 -12..0 0 0 v,
A= ,
00 0 ..2-10 X,
0 0 0 -1 2 -1 "
0 0 o 0 -1 2 Ep_in-1 —Xn-1

Yn-1 Enn

We put generators X = Exr+1, Y = Er41x in their appropriate places, corresponding
to the indices of Ey,..

Lemma 2.2. Let 7 : gl,, — End(V) be an arbitrary representation of the Lie algebra gl,,
in the space V. Then the following formulas
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priq(01) = exp (s7r EH)) exp ( - 7r(X1))7
phiq(ok) = exp (W(Yk_l)) exp (sw(Ekk ) exp(fﬂ(Xk)), (2.57)
P 1 (o) > exp (’/T(Yn_l)) exp (s7r Enn))

give us representation py 1 - Bni1 — GL(V) of the braid group By in the space V.
For m being the natural representation of the Lie algebra sl,, we get the reduced Burau
representation pSfil.

Proof. Tt is sufficient to use the fact that formulas (2.2) and (2.3) (or (2.4), (2.5)) define
representation of the group B,. O

2.5. Connection between the Lawrence-Krammer and the reduced Burau representation

Theorem 2.3. The Lawrence-Krammer representation ka’Q) defined by (2.16) is equivalent
with the quantization of the symmetric square of the reduced Burau representation, up
to changing of the basis:

kq(mt7q) = 3;}1 [SQ(PS))&U] Son1s (2.58)

q

see Remark 2.12 below for the explicit explanation of the notation [SZ(pg))evv}q. Here

the operator s, is defined by (2.23), and o, is defined in Lemma 2.1.

Remark 2.4. In any representation of the group B, all generators oy, for 1 <k <mn-—1,
have the same spectrum since they are conjugated:

OkOk410k = Okt10k0k11- (2.59)
That is why we can speak about the spectrum of the representation of B,.

The spectrum of the reduced Burau representation pgf ) of B,, is as follows:

Spp® (o) = {~t, 1,...,1}. (2.60)

n—2 times

The spectrum of its symmetric square is:

SpS2(pP) (op)) = {t2, —t,..., —t, 1,...,1 L (2.61)
——— ——
n—2 times (n—1)(n—2)/2, times

In [26, Claim 5.8] (see also [27, Lemma 5]) the following fact is proved

Lemma 2.4. The spectrum of the Lawrence-Krammer representation LK := két’q) of the
group By, i.e., Sp(LK(ak)) is as follows:
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Sp(LK (oy)) = {qt*, —t,...,—t, L...,1 L (2.62)
N—_———

n—2 times (n—1)(n—2)/2, times

If we set ¢ = 1 in (2.62) we get (2.61). Moreover, in [17, Proposition 3.2] the following
connection between the Krammer V module and the Burau W module was proved. Fix
representation K\"? defined by (2.15).

Proposition 2.5 ([17]). Ift = 1 and 2 is invertible in R, then there is an isomorphism of
By,-modules V — S?W (symmetric square of W) given by Vi w?j and, more generally,
o(T) + w(T)?.

2.6. Summary

1. We don’t know how to quantize any representations of the groups B,,.

2. But if the representation is an n-th symmetric power of some representation B,
then the Pascal triangle appears naturally, see Theorem 2.6 and especially formula
(2.71), we know how to quantize the Pascal triangle, see Section 2.9 below.

3. The Lawrence-Krammer (LK) representation k5 defined by (2.16) for ¢ =1 is the
symmetric square of the Burau representation SQ(pg )), see Proposition 2.5, that is
why we can use the previous item.

4. The fact that all irreducible representations of Bs in dim V' < 5 obtained by Tuba
and Wenzl [28,29] can be given by formulas (2.73), see Theorem 2.8, i.e., by the
quantization of the Pascal triangle (up to diagonal matrix A,) means that the g¢-
Pascal triangle reflects the deep properties of the braid groups!

5. Formulas (2.73) cover not only dim V' < 5, but in any dimension n € N it gives an
n(n — 1)/2 parameter family of representations of Bs.

2.7. Lie algebra sly and its finite-dimensional irreducible representations

Recall that the Lie algebra sls is the Lie algebra of 2 x 2 real matrices with trace
equals to zero. The standard basis X, Y, H in a Lie algebra sl is as follows:

01 00 10
X=(50), v=00), #H=(s"). (2.63)
This natural representations 7 : sly — End(C?) are called fundamental representation
of the Lie algebra sis.

All finite-dimensional U-module V' being the highest weight module of highest weight
A are of the following form see Kassel, [14, Theorem V.4.4.]:

0n 0 .0 00..00
. 00n-1..0 . 10..00
pM)(X)=5"(m(X))=| = s p(m) (V) =5 (m(Y))=( 0200 |, (2.64)

00 0 .0 00..n0
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n 0 .. 0 0
0n—2... 0 0

p(n)(H) = 5" (ma(H)) = o) (2.65)
0 O 0 -n

where A = dim(V)—1 € N. In fact, all finite-dimensional irreducible representations of
sly are n-symmetric powers of the fundamental representation .

The main idea of the book by Kassel and Turaev [15] is to give a comprehensive
introduction to the theory of braid groups.

2.8. Pascal triangle and representations of Bs and Lie algebra sly

The connection of the Pascal triangle with representations of B3 was firstly noticed
by Humphries in [11]. Set in (2.73) A,, = I and ¢ = 1, then

#

o1 o1(l,n), o2 02(1,n), where o3(1,n)= (01(1,n)"") (2.66)

is an irreducible representation of the group Bz in C™*!. Here the Pascal triangle denoted
by o1(1,n), for n — 1 € N is defined as follows:

o1(L,1)=(g1), o1(1,2) = (

o O

21 1331
11), 01(1,3) = (géf}), etc. (2.67)
ol 0001

The central symmetry A — AF, for the matrix A € Mat(n +1,C), A = (akm)o<km<n is
defined as follows:

Aﬁ = (aﬁ:m)ogk’mgrﬂ a?@m = On—k,n—m- (268)

Theorem 2.6. Let mo be the fundamental representation of sly then

o1(1,n) = exp (p(X)) = exp (5" (m2(X))), (2.69)
o2(1,n) = exp (p(=1)) = exp (S (ma(~Y)), (2.70)

i.e., the Humphries representation of Bs in dimension n+1 is the n-th symmetric power

of the Burau representation p(fl)

1331 030

o a ; 0121 | _ 002

As the result of (2.69) we have one nice formula, | /7, | =exp| 100
0001 000

the general case

oi(l,n)=1] 0o o (223 (") ("3%) | = exp ( (n— k)Eth). (2.71)
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2.9. q-Pascal triangle and representations of Bs

We define the family of representations of the group Bs using ¢-Pascal triangle [1,16].

For ¢ € C*:=C \ {0} and a matrix

A, =diag(A)r_, such that A \,_, = const, set
U{\n (Q7 n) =01 (Q7 n)DBL(q)A'm O'éxn (Q7 ’I’L) = AE’LDn (q)GQ(Q7 TL),

(r—1)r

where D, (q) = diag(¢;)r—9, ¢ =9¢ 2 ,

(2.72)
(2.73)
(2.74)

and o1(q,n) is the g-Pascal triangle obtained from the Pascal triangle o1(1,n) by re-

placing all natural numbers k by the ¢g-natural numbers (k),, see (2.79). More precisely,

define o1(q,n) as follows: o1(q,n) = (o1(q,n)km) , where

0<k,m<n

Jl(qan)km:(:__:1> ) ng,mgna
q

—1/ — #

UZ(Qa n) = (01 1((] lan)) )

(071! n))ﬁ B 0, ifO0<k<m<n
1 4 ) e, = (—D)ktmgt CmgY), f 0<m<k<n’

Here the g-binomial coefficients or Gaussian polynomials are defined as follows:

(n)'q Ck[q] = [Z

0= 6= G-y,

corresponding to the two forms of ¢g—natural numbers, defined by
n

qn_l o qn_q—
q—1 q—q!

Remark 2.5. We have

n

Diu(9)02(4,1) = (01(¢,1))*;  Du(q), where  j = (=1)" By
r=0

Another way to obtain (2.73) is as follows. Define ¢-Pochhammer symbol

n—1

(@;@)n = [J(1 —ag") = (1 = a)(1 — ag)(1 — ag®) --- (1 — ag" ™).
k=0

We have, see [2]:

k k

(1+ x)]; = (—z;q)k = Zq’"“‘””@?(q)wr = qu(r_l)/z (l:)q a’.
r=0 r=0

(2.75)

(2.76)

(2.77)

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)
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Therefore, the inversion of the matrix ai\"(q,n) for A, = I,41 with respect to the

auxiliary diagonal is the matrix of transformations of the monomials z°, 2!, z2,..., 2"

under the rule (2.82).

Theorem 2.7 ([1,16]). Formulas o1 — Uf"(q,n), o9 aé\"(q,n), see (2.73), define
family of representation of the group Bs in dimension n + 1.

Remark 2.6. Let 7 : By — GL(m,C) be a representation. Fix two matrices Ay, As €
GL(m,C) and define 7(01) = Aym(o1), 7(02) = m(02)Ay. When 7t is again a
representation of B3? Under the additional conditions A1As = ¢I, ¢ € C and Ay =
diag(Ag)j", the criterion for 7 to be representation is the following:

A17T(O'10'20'1) :77(0'10'20'1)/\2. (283)
This implies condition (2.72), i.e., A\pAp—p = c.

Theorem 2.8 ([28,1,16]). All representations of the group Bs in dimension < 5 are given
by the formulas (2.73).

In dimension 2 we get for A; = diag(Ag, A1)

M@= (wr)s e@n=) (L) (2.84)

In dimension 3, we get for AQ = diag()\o, )\1, )\2) with )\0)\2 = )\%

1 (14q) 1 10 0
UfQ(q72):<0 1 1>Dg(q)A2, 092(q,2):Aﬁ2 (1 1 0>D2(q). (2.85)
0 0 1 1 —(4g9) 1
In dimension 4, we get for A = diag(Ag, A1, A2, Ag) with AgAs = A1 A2, see Remark 2.5:
1 (1+g+q%) (1+q+¢*) 1
a%@m=<g ! <ﬁ®}>%mm& (2.56)
0 o0 0o 1
1 0 0 0
-1 1 0 0
05°(q,3) = Ag ( 1 —(14q) 1 o) Ds(q). (2.87)
—1 (I4q+¢%) —(1+q+¢%) 1

In dimension 5, we get for Ay = diag(\,.)2_, with A\gAs = A\ A3 = \2:

1 (1+q)(1+¢%) (14+¢%)(1+g+q*) (14+9)(1+¢>) 1

0 1 I+q+q° I+q+q® 1
ot g, )=[0o o ] T 1| D (g) Ay (2.88)
0 0 0 1 1
0 0 0 0 1
1 0 0 0 0
R [ 1 0 0 0
gy =At[ 1 —a+a) 1 0 o | Du(q). 2.89
5 (g, 4) af (1tqtd®) (1t X 0 4(q) ( )
1 —(49)(1+4¢%) (14+¢*)(1+g+¢°) —(1+q)(1+¢%) 1
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2.10. Quantization of the Pascal triangle

Remark 2.7. The following procedure of quantization (“Quant”) is based on the quan-
tization of the Pascal triangle explained in [1,16], formulas (10) and (11). To be more

precise, we change the binomial coefficients (Z) of the Pascal triangle by g¢-binomial
. o (n)!
coefficients (Z)q— (k),q?ﬁ

We introduce the representation T£ :Lfl of the braid group Bsj equivalent to the rep-

resentation (2.73) in dimension n + 1 as follows:
Tyrti(on) = (03" (a.m)", Tti(o2) = (o7 (.m)" (2.90)
Lemma 2.9. We have
Tyt (o) = Juoy™ (@n) it Tyt (o2) = Jaot (@n) . (291)
Proof. We use the fact that Af = JnAJrjl7 where J,, = Z?:o E .. O

Remark 2.8. Using [29], see also [16], we conclude that all representation of Bs in dimen-
sion 2, 3,4 and 5 are equivalent with the following ones, where A; = sdiag(—t,1) and
s,t e C*:

T o) =s (3 ) =s(3'1) (071 T e =s (1 5) = (i) (5 5) - (292)

All representations of Bz in dimension 3 are given by the following formulas, where
sAy = sdiag(t?, —t, 1) = sdiag(t?, —t,1) and s,t,q € C*:

t2q —t2(14q) ¢ 1—(1+q) 1
Tg{xe,%q(Ul) :s( oq £t ? t > = sAy (0 1 ! 1) Dg(‘l)> (2.93)
0 0 1 0 0 1
N 10 0 1 0 0
Ty (o) = s (1 -t 0 > =5 (1 1 O) Ds(q)AL. (2.94)
1 —t(1+q) t3q 1 (14q) 1

Remark 2.9. If we are sufficiently attentive, we can recognize here the Lawrence-
Krammer representation of Bj for s = 1, see formulas (2.109) and (2.116) below.

All representations of B3 in dimension 4 are given by the following formulas, where
Az = sdiag (—t3, ut?, —u=1t,t):

N 1 —(1+q+4°) (14+q+q*) —1 .
ey = (0 1 -Gt 1) D), (2.95)
0 0 0 1
10 0o o0
As,q - 1 1 0 0 i
T (o2) = | 1 (119 1 o | Ds(q)As. (2.96)
1 (14q+¢%) (1+q+4°) 1
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For n =5 we get

1 —(1+9)(144¢°) (1+¢*)(1+g+4¢°) —(1+q)(1+4°) —1
0 1 —(1+q+4°) (I4q+q*) -1
T?f}f’q(Ul) =AM o0 0 1 —(14q) 1 Dﬁ(q), (2.97)
0 0 0 1 1
0 0 0 0 1
1 0 0 0 0
\ 1 1 0 0 0 u
Aty |1 (e 1 0 0| Dy(q)AL 2.98
551 (02) 1 (1tgid®) (149447 X 0 1(q)A] ( )
1 (1+q)(1+¢%) (14+¢%)(A+g+q%) (14+9)(1+¢%) 1

Remark 2.10. The irreducibility criteria for the representation (2.73) of Bs in dimensions
n < 5 were obtained in [28,29].

Remark 2.11. For dimensions n > 6 formulas (2.73) gives us some family of represen-
tations of Bz but not all, see [29, Remark 2.11.3]. For more representations of Bj see,
e.g., Westbury, [30]. The question of the irreducibility of representations (2.73) is open
for n > 6.

2.11. Symmetric basis in V@V

Let V be a finite-dimensional linear space with the basis (ex)}_;. The tensor product
V®V is a linear space generated by the basis (ek ®6T)Z,r:1' The symmetric square S*(V)
of the space V is a subspace of V ® V' generated by one of the equivalent symmetric basis
e=(€5,),, or v = (Vkn),,,, defined as follows:

eir=exr®er, 1<k<n, e,=eQe +e, e, 1<k<r<n, (2.99)

Vgr=(ex + te—1)Q(er+-+e—1), 1<k<r<n. (2.100)

We fix a lexicographic order on the set (k,r) with 1 < k < r < n. Let an operator A acts
on a space V. Denote by A ® A its tensor product on a space V ® V and by S?(A) its
symmetric square.

2.12. Proof of Theorem 2.3

Remark 2.12. We show that [SQ(pSf))em]q, the quantization [...],; of the symmetric

square S2 (pgf ))e of the reduced Burau representations pgf ) for the group B,,, expressed

in the basis e defined by (2.99) and calculated further in the basis v defined by (2.100),

coincide with the Lawrence-Krammer representation kS in notations (2.16), i.e., we

show that

On1 T

57 Cu[S*(00(01)) ] O 0y = KD (0y), for 1<r<n—1,  (2100)
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where C,, is the change-of-basis matriz from the basis e defined by (2.99) to the basis
v defined by (2.100) for the vector space S?(C"~!). Here the operator s, is defined by
(2.23), and 0,1 is defined in Lemma 2.1.

The Burau representation pgt) for B3 on the space V = C? is as follows:

o (P1)s o (10). (2.102)

We fix the standard basis e = (eg)7_; in C”, namely set

e =(0,...,0,1,0,...,0), 1<k<n. (2.103)
————

k place
In the symmetric square S?(C?2) the basis e and v are the following:
ej1=e1®e1, ejs=e1Rex+ea®e, €5 =e® ea, (2.104)
vig=e1 Q ey, Uf?) = (61 =+ 62) ® (61 + 62), Vo3 =¢€9 X €9. (2105)

The quantization of the symmetric square [S? (ak)e]q = [9? (pg) (ok)) ]q for k=1,2 of

e
the Burau representation pgt) has the following form in the basis e:

m? tz 00 1-21 uan
e (G G (55 (o ) o
001 00 1
200 1 —(1+q) 1 q00 t2q —t%(14q) t?
(O—tO) (0 1q1)<010):(0q itq)t>. (2.106)
001 0 0 1 001 0 0 1
We denote
D, 5(q) = diag(q,1,1) and Ds2(q) = diag(1,1,q). (2.107)

Similarly, we get

0
1
2
1 o o0
) - (1 —t 0 ) (2.108)
1 —t(14q) t°q

Finally, we have

t?q —t3(14q) t*

[52(01)5](1::(0 ~ t>, [52(02)e]q:: (} 2 3). (2.109)

0 0 1 1 —t(1+q) t°q

To enumerate the elements of the basis e and v by the same set of indices, set
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Wi = Vi,j—1- (2110)

Since the basis e and w (hence v) are connected as follows:

s s
ef; = wn w11 = efy

s s s s

ey = —wi1 fwiz —waz, w1z = €1y tejy +eny, (2.111)
S s

€90 = w22 w22 = €92

the change-of-basis matriz Cs in the space S%(C?) will be the following:

1-10 110
C’3<0 1 0), C§1<010>. (2.112)
0-11 011
We show that
Cs[$%(0,)e] O3 = k"D (0,), for r=1,2. (2.113)

Here by (2.26) we have 031 = e € S, that is why $,,, = I. Indeed, we have

t2q —t%(14q) t2 _ t2q 0 t(t—1)
[S2(01)e0)q = 03( o ¢ ) it = ( 00t ) (2.114)
0 0 1 01 1

—t
1 0 0 0 t 0
[S%(02)e,0]q 1= C3 (1 ~t 0 ) Cyt = (1 1=t 0

1 —t(1+q) t°q 0 qt(t—1) t3¢

) . (2.115)

This coincides with the Krammer representation két’q) for Bs in notations (2.16):

t2¢ 0 t(t—1) o t 0
két’q)(m) _ ( 0‘10 . ), k§t7q)(02) = (1 1-t 0 ) (2.116)

01 1-t 0 qt(t—1) t3q

The quantization of the symmetric square S? (pﬁf}rl) of the Burau representations pﬁf}rl

for the group Bj,+1 will be defined as follows, compare with (2.57):

o1 — [52(0'1)]q = 52(6Xp(8E11)) [Sz(exp(—Elg))]qDl’n(q), (2117)
on = [S?(exp(En—1,n))1¢Dn.n(0)S? (exp(sEnn)), (2.118)
O — [52(6Xp(Ek’k,1))}qu’n(q)SQ(eXp(SEkk)) [52(9XP(_Ekk+1)]q7 (2119)

where Dy, ,(¢) is defined for 1 <k <nand 1 <r < <n as follows:
Din(q)ey, =qey; if k=r=1 Dyn(qle;, =e;,;, otherwise. (2.120)

The Burau representation pff) for By is as follows:

—tt0 100 100
o= o010), oy |1-tt], o3> |010 |. (2.121)
001 001 01 —t
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The symmetric square of the reduced Burau representation pflt) for By is as follows, see

(2.54) and (2

.55):
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1 0 0 0 0 0
1 —t 0 ¢ 0 0
_ 2 2 2
[52(02)6]11 = (1) t((1)+q) th t(lfq) ¢ (OlJrq) to
0 0 0 1 ¢ ‘
0 0 0 0 0 1
(2.123)
We rewrite (2.122) and (2.123) in the basis v and compare with the expressions kitﬂ) (7)),

for r=1,2,3. We keep the following order to enumerate the elements of the basis e and
w in S2(C3):

_ s s S S S s _
€= (61176127622361336237833)7 w = (w11, W12, W2, W13, W23, W33). (2.124)

By Lemma 2.10, the change-of-basis matrices C4 and CZI in the space S?(C*) are the

following;:
1-100 00 110100
010-100 010100
0-111 —-10 —-1_lo11110
Cy= 0001 00 ]> 4 ~loo0100 (2.125)
000-110 000110
0000 —11 000111
We calculate [SQ(UT)U]q =Cy [SQ(Jr)e]qul for r = 1,2,3. We have
t?q —t>(1+q) t> 0 00 qt? 0 t(t—1) 0 t(t—1) 0
0 —t t 000 00 t 0 0 0
S2(y —C 0 0 1000 01 1=t 0 0 0
[ (l)v]q = 0 0 -tto 00 o o t o]
0 0 0010 00 0 1 1—t 0
0 0 0001 00 0 0 0 1
(2.126)
1 0 0 0 0 0 000 O
1 -t 0 0 0 000 O
2 _ 1 —t(14q) t2q t(1+q) —t3(1+q) t2 Oqt(t 1) qt? 0 0 t(t—1)
s (02)“]11*04 o o 0 1 0o 0 010 o |
0 0 0o 1 —t ot 0 000 t
0 0 0 0 0 1 0 001 1—t
100 0 0 0 100 0O 0 0
010 0 0 0 000 t 0 0
2 . 001 0 0 0 -1 _|o10 o t 0
S (UB)v]q—al 010t 0 o [Ca =001 14 o o |-
0010 —t 0 000 O 1-t 0
001 0 —t(1+q) t3q 000 gt(t—1) qt(t—1) qt?
(2.127)

Applying the operator s,,, defined by (2.23), where 041 is defined by (2.33), see (2.124),
we get s [SQ(UT)q,}qSU“ = kflt’q) (o) for 1 < r < 3. This coincides with the LK repre-

sentation kff’q)(or) for By in notations (2.16):

qt? 0 0 t(t—1) t(t—1) 0 0 t 000 O
000 t 0 0 1 1-t 000 0

(t,q) _ 000 O t 0 (t,9) _ o o 100 o0

ki (01) = 010 1-t 0 o0 | ki (o2) = 0 qt(t—1) 0 qt® 0 t(t—1) |
001 0 1—t 0 0 0 000 ¢
000 O 0 1 0 0 00 1 1—t
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(t,0) _
ky " (03) =

Remark 2.13. Rinat Kashaev pointed out to the author during his visit to Geneva in
May 2022, that the formulas (2.126)—(2.127) should be corrected.

Lemma 2.10. The matrices C’;&l and Cpy1 are defined as follows. The columns of the
matric C’;il are defined by the following relations:

Wi = Z ehry 1<i<j<n. (2.128)
i<k<r<j

The columns of the matriz Cy, 11 are defined by the following relations:

(_1)i+j Zigkgrgj(_l)k+rwkrv f0<j—i<1,
eij = Zi;iﬂ(—?vilr + Wit1,r) + Wij — Wit1, ifi=1, 2<j—i, (2.129)
—wii + Yoy (Wi + Wig1y) + Wi — wigrg, fi>1, 2< 5 —d

Proof. Indeed, to prove (2.112), (2.125) and (2.133) we note that matrix E, = C, ! is

block upper-triangular

-1

—1 —1
E, = (“g lc’:) . therefore C, = E1 = (“3 e e ) . (2.130)

n

For n = 3 we have

e

o o
==
= O o

~——
|

as by E-l— (e —a3'bacs’
0 c3 ) 3 - 0 63—1 9

where
az=(1), bs=(10), e3=(]7).

We have ¢3! = (_11 2), therefore ag 'bzc;t = (1)(10) (_11 ?) = (10), hence C3 =

1-10
(o 1 0).Forn:4weget
0-11

E,

_ [ aabs E71 _ ay' —aytbses?t
T\ 0 ) 4 0 et

[eNoNoloNelS
SO O ==
oo, OO
e e e
= E=N=)
_OOOOOoO

where



1
Since ch = <—1

a4_1b4czl = (0 10
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0

—-11

1-10

0-11

For n = 5 we have

—1
Es =Cj
where
1
: —-1_ [
Since c5~ = |
0
—1; -1
ag “bscg
and

a4 = Eg, b4 =

00
1 0) we get

1
1
1

00
00
10

100 1 00
100 -1 10
111 0 —-11

= OO
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100
110

o olo

0/ 11]

0/00/100/ 1000
0001101100

) -

= | ooo0j111]1110
0[00[000/1000
0000001100
0/00/000[1110
0/00[000/ 1111
1000
1000
as = FEy, b= }(1)88 , C5=
1100
1110
0 00
1 00
110 we get
0 —-11
1-100 00 1000
010-100 1000 10
_lo-111 =10 1100 -1 1
“looo0o1 00 1000 0 —1
000-110 1100 0 0
0000 —11 1110
11 -10 0 00 0 0 00
0] 1 0/—1 00 -1 0 00
0f—11] 1 =10/ 1 =1 0 0
000 1 00 —-10 00
0] 000—1 10 1 —-100
Cs = 00 00 0 —-11/ 0 1 —10
0 00 0 00 1 0 00
0 000 00 —-11 00
0 000 00 0 —110
0 000 00 0 0 —11

e

= o oo

10
11
11

0
0
1

).

Cy =

RO
== OO
= =]

|
—
o= OOo

coococo~
cocol ~|

= =
cocor~oco

_OoOOO0OOOoO
(=)= el el el en)

,_.,_.‘o

o |
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—
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Remark 2.14. The matrix E,, = C,;! and E,;! = C,, have the following form

-1 -1 -1 -1
€11 €12 €13 ... €ln_1 €11 €12 €13 -+ €1np-1
-1 -1 -1
8 6(2)2 €23 ... €an_1 1 0 exs €335 o €apy_1
== (S (& — f— — —
En 33 3n—1 9 En 0 0 6331 6377'171 ) (2131)

0 0 O ... en—1,mn-1 0o o0 o0 o1

where ey, € Mat(k x r,C) for 1 <k <r <n—1 are as follows:

k—1
100
e =(1), eaa= (1), ess = (} ! (1J> cee=(T—ex) ek =Y Erpin,
r=1
ekr = (€xk, Ok, r—k), where O, = 0 in Mat(k x r,C). For E,;! we have

—1_(1) -1 _ 10 -1 _ _11?8 —(I— )
€11 = y €og = | 11 ), €33 = o 11 y Ckk = €k),

and e7! =0for2<r<mn-— 1, el = —671,0]@ r—i) for 2 < k < r <n— 1. Notation
1r kr kk s
e;rl for k < r does not mean the inverse matrix to ey,.!

The Burau representation pét) for By is as follows:

—tt00 1000 1000 1000
0100 1—t¢0 0100 010 0

1= 9010 %27 {o0010) 937 Lo1—te ] 9477 | 0010 (2.132)
0001 0001 000 1 001 —t

By Lemma 2.10, the change-of-basis matrix Cs and C5 ' in the space S?(C®) are the
following;:

1-100 000 0 00 1101001000
010-100-10 00 0101001000
0-111 -101 -1 0 0 0111101100
0001 00-10 00 0001001000
000-1101-100 -1 0001101100

Cs=10000-110 1 -10]> 5 —|ooo1111110 (2.133)
0000 001 0 00 0000001000
0000 00-11 00 0000001100
0000 000 —110 0000001110
0000 000 0 —11 0000001111

Using (2.16) we get

10 0 00 0 000 0
00 t 00 0O 000 O
01 1-t 00 0 000 O
00 0 10 0 000 O
(t,q) oo o 00 t 000 o
ks (03) =100 0 01 1-¢ 000 o
00 0 00 0 100 0
00 gt(t—1) 0 0 gt(t—1) 0 qt® 0 t(t—1)
00 0 00 0 000 ¢t
00 0 00 0 00 1 1-t
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Indeed, since
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|
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3), where o5 is defined by (2.33) we get

b
[

Y05, = két’q)(og,). We use the order in the basis S?(C*) like in

05 [S2 (O’g)v] qO
(2.124). Indeed,

-1
051

Applying the operator s,,, defined by (2.2
5

S
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-1 20 (t —1
5o C5[S2 (05 (03)e] ,C5 0,
1-100 000 0 00 100 0 0 00 © 0 0
010-100-10 00 010 0 0 00 0 0 0
0-111 —-101 -1 00 0t10 0 00 0 0 0
0001 00-10 00 000—t O 0t 0 0 0
000-110T1-1200 0010 —t 00 ¢ 0 0|«
Sos1 10000 -110 1 -10 001 0 —t(1+q) qt> 0 t(14+q) —t>(1+q)
0000 OO1 O OO 000 O 0 01 0 0 0
0000 00-11 00 000 0 0 00 1 0 0
0000 000 —-110 000 0 0 00 1 —t ot
0000 000 0 —11 000 0 0 00 0 0 1
1101001000 10 0 00 O 000 O
0101001000 00 ¢t 00 0O 000 O
0111101100 01 1-t 00 0 000 O
0001001000 00 0 10 0 000 O
0001101100 -1 _|oo o 00 ¢t 000 O (QiG)k(t,q)
0001111110 |Ses1 = |00 0 01 1t 000 0O ="k " (o3).
0000001000 00 0 00 O 100 O
0000001100 00 qt(t—1) 0 0 t(t—1) 0 qt2 0 t(t—1)
0000001110 00 0 00 O 000 ¢t
0000001111 00 0 00 O 00 1 1—t

The formulas (2.21) can be obtained similarly.

Remark 2.15. We can prove (2.101) for general B,,. The reason is the following. By Re-
mark 2.1 we can construct the reduced Burau representation for B, ;1 from the reduced
Burau representation for B,, using formula (2.13). In particular, we can construct the
reduced Burau representation for Bj starting from the reduced Burau representation for
By by formulas (2.14).

By Lemma 2.1 we can reconstruct the LK representation k,(fjrql) for Byy1 from the
LK representation k\'? for B, defined by (2.16). That is why it is sufficient to prove
Theorem 2.3 only for B3 and Bj.

3. How to construct new representations of B,,

3.1. Representations of a Lie algebra sl, 11

We recall, following to J.P. Serre [25], Part I, Ch. VII, §1; Part III, Ch. VII, §6, that
all irreducible finite-dimensional representations of a simple Lie algebra sl,, 1 are highest

weight representations and are contained in tensor powers of the natural representation

Tn+4+1 [31}

The Cartan subalgebra § of the Lie algebra sl,, 11 consists of all matrices of the form
H = diag(A1,..., Apg1) with Y7, Ay = 0. The roots of a Lie algebra sl,,, are linear
functionals a; ; € b*, i # j, of the form

a; ;(H) =X —Xj, where H =diag(A1,..., Apt1).
The fundamental wights wy, are defined by

wp(H) =M+ -+ Ag, where H =diag(A1,..., \nt1)-
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The fundamental weight w; is the fundamental weight of the standard representation
g1 of the Lie algebra sl,, | in E=C"*!. Moreover, the fundamental weight wy, is the
highest weight of the representation A*(m,, 1) of 5l,1 1 in the space AFE (see [25, 1.7.4.6]),
where A*(A) is k*" exterior power of A. In the particular case, all irreducible represen-
tations of sly are Sym™(mz) in Sym™(C?), n € N. For sl3 all irreducible representations
are contained in tensor product of 73 and A?(r3), corresponding to fundamental weights
w1 and we. All irreducible representations of sl,, 1 are contained in tensor products of
A (Tpi1), 1<k <n.

3.2. New representations of By,
Let Ty : 51, — End(C™) be any finite-dimensional representation of a Lie algebra

sl, then exp(Typm) : SL(n,C) — GL(m, C) is representation of SL(n,C). We can define
two representations of B, as follows

or = S"(exp(Trm) 0 pP(ok)), o1 = A (exp(Tpm) o pi (o1)), (3.1)
for » > 2 and 2 < [ < m — 1. Consider the exterior square A (pg 21) of the Burau
representation pgl of the group By defined by (2.4) and (2.5) in the basis eg\j, 1<i<
j < 3 of the space A2(C?)

A A A
el =€e1 Qe —ex®e;, ej3=€e1Qe3—e3®er, €53 =e3®e3z —e3 e

Lemma 3.1. Representation /\2( 5.4 ) of the group By is defined by
—t 00 —tt 0 100
0'1—><O—tt>, o2—><010>, 03—><1—t0>. (3.2)
001 01— 00 —t

/\2P(t) o), fort# -1, but \? Pgt4 tJ2P14 )Jz . (3.3)

-~

We have

001
where pm is defined by (2.2) and (2.3) and Jo = 22:1 Epa_i = (0 1 0).
100

Proof. The first part of (3.3) follows from comparison of two spectrums: Sp péle(al) =
{—t,1,1} and Sp( A? pgle(ol)) = {~t,1,—t} = —t{1,—t"1,1}. The second part follows
from (2.2) and (2.3). O

It would be nice to quantize and study the representations of B,, defined by (3.1)

ok = [S"(exp(Tum) 0 oD (k)]0 ok = [ A (exD(Tum) 0 pP(00))] . (3:4)
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