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1. Introduction

The braid group Bn was introduced by Artin [3] in 1926 to study knots:

Bn = ⟨(σi)n−1
i=1 | σiσi+1σi= σi+1σiσi+1, 1 ≤ i ≤ n− 2, σiσj = σiσj , | i− j | ≥ 2⟩. 

(1.1)
Despite many very profound results in the classifications of knots, the general problem 
remains unsolved. We mention only some polynomial invariants without any details: 
Alexander polynomials, Jones polynomials, Kauffman polynomials, Reshetikhin-Turaev 
quantum polynomials, Vasiliev invariants etc. The same is true for the classification of 
the representation of Bn. See e.g. [30] for representations of B3.

Our main aim is to connect two well-known representations of the braid groups: the 
Lawrence–Krammer and the Burau representations of Bn.

In 1936 W. Burau introduced [10] the family of representations of the braid group Bn

as the deformation of the standard representation of the symmetric group Sn, see (2.1). 
The Burau representation for n = 2, 3 has been known to be faithful for some time, 
i.e., the kernel of the corresponding representation is trivial. Indeed, in 1969 Magnus and 
Peluso [23] showed that the Burau and Gasner representations are faithful for n = 2, 3. 
See also J. Birman [8, Theorem 3.15], [9]. Moody [24] in 1991 showed that the Burau 
representation is not faithful for n ≥ 9; this result was improved to n ≥ 6 by Long and 
Paton in 1992, [22]. The non-faithfulness for n = 5 was shown by Bigelow in 1999, [4]. 
The faithfulness of the Burau representation for n = 4 is an open problem.
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The Burau representation appears as a summand of the Jones representation [13], and 
for n = 4, the faithfulness of the Burau representation is equivalent to that of the Jones 
representation, which furthermore is related to the question of whether or not the Jones 
polynomial is an unknot detector [7]. The problem of the linearity, i.e., the existence 
of the faithful representation, for the braid groups Bn for n ≥ 4 remains open until 
2000. In 1990 R. Lawrence [20] constructed a two-parameter family of representation 
of the braid group Bn, using homological methods. In 2000, D. Krammer [17], using 
completely algebraic methods constructed the same representations and showed that 
this representation is faithful for B4. One year later, in 2001, S. Bigelow showed that the 
Lawrence–Krammer (LK) representation is faithful for all Bn. Next year, D. Krammer 
[18] proved the same result by a different method. Finally, it was established that the 
braid groups Bn are linear for all n: in particular, for n ≤ 3, one can use Burau and for 
n ≥ 4 one can use LK representations.

We show that the Lawrence–Krammer representation is a quantization of the symmet
ric square of the Burau representation. The hint is the following: both representations 
of Bn have the same dimensions n(n−1)

2 and their spectrums coincide, see Remark 2.4. 
This connection allows us to construct new representations of the braid groups.

Another three hints are as follows: Lickorish [21] observed that the Kauffman polyno
mial (related to the BMW algebras) at a particular parameter choice r = q3 is the same 
as the square of the Jones polynomial at some parameter choice. This paper investigates 
the relationships and inter-connections between various polynomial invariants of classical 
links, particularly the Jones polynomial.

Zinno [32] showed that the LK representation comes from the corresponding Birman--
Murakami--Wenzl (BMW) algebra, i.e. for r = q3 (his parametrization is a little dif
ferent). A connection is made between the LK representation and the BMW algebra. 
Inspired by a dimension argument, a basis is found for a certain ireducible representa
tion of the algebra, and relations which generate the matrices are found.

Finally Larsen and Rowell showed [19] that the symmetric square of the Temperley
Lieb algebra was related to the same BMW algebra. More precisely, they establish 
isomorphisms between certain specializations of Birman-Murakami-Wenzl algebras and 
the symmetric squares of Temperley-Lieb (TL) algebras. Thus the fact that the reduced 
Burau is a representation of the TL-algebras, and the LK is a representation of certain 
BMW-algebras suggests that the main result of our paper is a manifestation of this.

Formanek et al. [12] also has some classification results for all Bn. Namely, they 
classified all representations for Bn in dimension ≤ n.

The content of the article is as follows. In Section 2.1 we recall the definition of the 
Burau representation for Bn, in Section 2.3 we define the Lawrence–Krammer repre
sentation K(t,q)

n with the corrections made by Bigelow. In Lemma 2.1 we establish the 
connection between k(t,q)

n and k(t,q)
n+1 , see (2.17). Some generalizations of Burau represen

tation are done in Section 2.4. The main result, Theorem 2.3, is stated in Section 2.5. The 
Pascal triangle and the connection with representations of the group B3 and with the 
representations of a Lie algebra 𝔰𝔩2 is done in Section 2.8. The important object q-Pascal 
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triangle and representations of B3, see [16], connected to the Tuba-Wenzl results [28,29], 
are explained in Section 2.9--2.10. In Section 2.11 we define two symmetric bases of V ⊗V . 
The proof of Theorem 2.3 is done in Section 2.12. The essential ingredient is Lemma 2.1. 
Section 3.1 is devoted to the possible way of constructing new representations of Bn, 
starting from representations of the Lie algebra 𝔰𝔩n−1.

2. Connection between the Lawrence–Krammer and the Burau representation

2.1. The Burau representation of Bn

The Burau representation ρ : Bn → GLn

(︁
Z[t, t−1]

)︁
of Bn is defined for a non-zero 

complex number t by

σi ↦→ Ii−1 ⊕
(︁ 1−t t

1 0

)︁⊕ In−i−1, (2.1)

where 1−t is the (i, i) entry. For t = 1 this is the standard representation of the symmetric 
group Sn interchanging by matrix 

(︁ 0 1
1 0

)︁
two neighbors basic elements ei and ei+1 in the 

space Cn. The vector e = e1 + · · · + en is invariant for ρ, therefore the representation ρ
splits into 1-dimensional and an n −1-dimensional irreducible representations, known as 
the reduced Burau representation ρ(t)

n : Bn → GLn−1
(︁
Z[t, t−1]

)︁

σ1 ↦→
(︂

−t 0
−1 1

)︂
⊕ In−3, σn−1 ↦→ In−3 ⊕

(︂
1 −t
0 −t

)︂
, (2.2)

σi ↦→ Ii−2 ⊕
(︃

1 −t 0
0 −t 0
0 −1 1

)︃
⊕ In−i−2, 2 ≤ i ≤ n− 2. (2.3)

We use the following equivalent form of the reduced Burau representation ρ(t)
n : Bn ↦→

GLn−1
(︁
Z[t, t−1]

)︁
, compare with (2.2) and (2.3):

σ1 ↦→ (︁−t t
0 1

)︁⊕ In−3, σn−1 ↦→ In−3 ⊕
(︂

1 0
1 −t

)︂
, (2.4)

σi ↦→ Ii−2 ⊕
(︃

1 0 0
1 −t t
0 0 1

)︃
⊕ In−i−2, 2 ≤ i ≤ n− 2. (2.5)

The equivalence is given by

j−1
(︃

1 −t 0
0 −t 0
0 −1 1

)︃
j =

(︃
1 1 0
0 −t 0
0 t 1

)︃
(·)T↦→ 

(︃
1 0 0
1 −t t
0 0 1

)︃
, where j =

(︃
0 0 1
0 −1 0
1 0 0

)︃
,

and AT is the matrix transposed to A.
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2.2. The reduced Burau representation of B∞

Define the group B∞ as follows

B∞= ⟨(σi)i ∈ Z | σiσi+1σi= σi+1σiσi+1, i ∈ Z, σiσj = σiσj , | i − j | ≥ 2⟩. (2.6)

Consider a complex Hilbert space

H = ℓ2(Z) = {x = (xk)k ∈ Z | ∥x∥2 =
∑︂
k∈Z

|xk|2 < ∞} (2.7)

with its standard orthonormal basis e = (ek)k ∈ Z defined by ek = (δkn)n ∈ Z. Define the 
reduced Burau representation of the group B∞ in the space H as follows:

σi ↦→ bi,∞ = I∞ ⊕
(︃

1 0 0
1 −t t
0 0 1

)︃
⊕ I∞, i ∈ Z, (2.8)

where −t is the (i, i) entry. It is clear that bi+1,∞ is obtained from bi,∞ by shifting the 
basis e : en → en+1. More precisely, if we denote by J the unitary operator on ℓ2(Z)
defined as follows: Jen = en+1, n ∈ Z we get representation

Jbi,∞J−1 = bi+1,∞. (2.9)

Next, denote by Pn the orthogonal projector of H on the subspace Hn generated by 
the first n vectors, i.e., Hn = ⟨ek | 1 ≤ k ≤ n⟩. Then we get the reduced Burau 
representation: of Bn+1:

Pnbk,∞Pn = ρ
(t)
n+1(σk), 1 ≤ k ≤ n. (2.10)

Denote by J(n) the unitary operator on Hn defined as follows

J(n)ek = ek+1, 1 ≤ k ≤ n− 1, J(n)en = e1, (2.11)

and by in the natural embedding of GL(n− 1,C) into GL(n,C) defined as follows:

GL(n− 1,C) ∋ x → in(x) = x + Enn ∈ GL(n,C). (2.12)

Then we get for n ≥ 3, 1 ≤ k ≤ n− 2 and n− 1 ≤ r ≤ n

ρ
(t)
n+1(σk) = in

(︁
ρ(t)
n (σk)

)︁
and ρ

(t)
n+1(σr) = J(n)in

(︁
ρ(t)
n (σr−1)

)︁
J(n)−1. (2.13)

Remark 2.1. Formula (2.13) allows us to construct the reduced Burau representation for 
Bn+1 from the reduced Burau representation for Bn. For n =4 we have
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ρ
(t)
4 (σ1) = 

(︃−t t 0
0 1 0
0 0 1

)︃
, ρ(t)

4 (σ2) = 
(︃

1 0 0
1 −t t
0 0 1

)︃
, ρ(t)

4 (σ3) = 
(︃

1 0 0
0 1 0
0 1 −t

)︃
,

ρ
(t)
5 (σ1) = 

(︄−t t 0 0
0 1 0 0
0 0 1 0
0 0 0 1

)︄
, ρ(t)

5 (σ2) = 

(︄ 1 0 0 0
1 −t t 0
0 0 1 0
0 0 0 1

)︄
, ρ(t)

5 (σ3) = 

(︄ 1 0 0 0
0 1 0 0
0 1 −t t
0 0 0 1

)︄
,

ρ
(t)
5 (σ4) = 

(︄ 1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 −t

)︄
, so we get for 1 ≤ k ≤ 2, and for 3 ≤ r ≤ 4

ρ
(t)
5 (σk) = in

(︁
ρ
(t)
4 (σk)

)︁
and ρ

(t)
5 (σr) = J(4)i4

(︁
ρ
(t)
4 (σr−1)

)︁
J(4)−1. (2.14)

2.3. The Lawrence-Krammer representation of the braid group Bn

The Lawrence-Krammer representation K(t,q)
n of the Braid group Bn was introduced 

by Lawrence in [20] (1990), and studied by Krammer in [17,18] and Bigelow in [5,6]. To 
give formulas, we follow Bigelow [5] and the corrected version in [6]. The representation 
K

(t,q)
n is the following action of Bn on a free module V of rank 

(︁ n
2
)︁

= n! 
2!(n−2)! with basis 

{Fi,j : 1 ≤ i < j ≤ n}:

σi(Fj,k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Fj,k i ̸∈ {j − 1, j, k − 1, k},
qFi,k + q(q − 1)Fi,j + (1 − q)Fj,k i = j − 1,
Fj+1,k i = j ̸= k − 1,
qFj,i + (1 − q)Fj,k + q(1 − q)tFi,k i = k − 1 ̸= j,

Fj,k+1 i = k,

−tq2Fj,k i = j = k − 1.

(2.15)

From [6]: ``This action is given in [17], except that Krammer’s −t is my t. It is also 
in [5], but with a sign error. The name ``Krammer representation'' was chosen because 
Krammer seems to have initially found this independently of Lawrence and without any 
use of homology''. We would like to change notations and define the Lawrence-Krammer 
representation k(t,q)

n as follows:

σi(Fj,k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Fj,k i ̸∈ {j − 1, j, k − 1, k},
tFi,k + (1 − t)Fj,k + t(t− 1)Fi,j i = j − 1,
Fj+1,k i = j ̸= k − 1,
tFj,i + (1 − t)Fj,k + qt(t− 1)Fi,k i = k − 1 ̸= j,

Fj,k+1 i = k,

qt2Fj,k i = j = k − 1.

(2.16)

Connection between two representations is as follows:

K(q,−t)
n (σr) = k(t,q)

n (σr), 1 ≤ r ≤ n− 1. (2.17)

We think that this choice of the parameters reflects better the situation since, historically 
Burau used parameter t, and q, in our notations, is really a parameter of quantization, 
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see (2.58). In particular, the LK representations k(t,q)
n in notations (2.16) for Bn with 

2 ≤ n ≤ 6 are as follows1:

k
(t,q)
2 (σ1) = qt2, (2.18)

k
(t,q)
3 (σ1) =

(︃
qt2 |0 t(t−1)
0 |0 t

0 |1 1−t

)︃
, k

(t,q)
3 (σ2) =

(︃ 0 t | 0
1 1−t | 0
0 qt(t−1) |qt2

)︃
, (2.19)

k
(t,q)
4 (σ1) =

⎛
⎜⎜⎝

qt2 0 0 t(t−1) t(t−1) 0
0 0 0 t 0 0
0 0 0 0 t 0
0 1 0 1−t 0 0
0 0 1 0 1−t 0
0 0 0 0 0 1

⎞
⎟⎟⎠ , k

(t,q)
4 (σ2) =

⎛
⎜⎜⎝

0 t 0| 0 0 0
1 1−t 0| 0 0 0
0 0 1| 0 0 0
0 qt(t−1) 0| qt2 0 t(t−1)
0 0 0| 0 0 t

0 0 0| 0 1 1−t

⎞
⎟⎟⎠ ,

k
(t,q)
4 (σ3) =

⎛
⎜⎜⎝

1 0 0 |0 0 0
0 0 t |0 0 0
0 1 1−t |0 0 0
0 0 0 |0 t 0
0 0 0 |1 1−t 0
0 0 qt(t−1) |0 qt(t−1) qt2

⎞
⎟⎟⎠ . (2.20)

k
(t,q)
5 (σ1) = 

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

qt2 0 0 0 t(t−1) t(t−1) t(t−1) 0 0 0
0 0 0 0 t 0 0 0 0 0
0 0 0 0 0 t 0 0 0 0
0 0 0 0 0 0 t 0 0 0
0 1 0 0 1−t 0 0 t 0 0
0 0 1 0 0 1−t 0 0 0 0
0 0 0 1 0 0 1−t 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, 

k
(t,q)
5 (σ2) = 

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 t 0 0| 0 0 0 0 0 0
1 1−t 0 0| 0 0 0 0 0 0
0 0 1 0| 0 0 0 0 0 0
0 0 0 1| 0 0 0 0 0 0
0 qt(t−1) 0 0| qt2 0 0 t(t−1) t(t−1) 0
0 0 0 0| 0 0 0 t 0 0
0 0 0 0| 0 0 0 0 t 0
0 0 0 0| 0 1 0 1−t 0 0
0 0 0 0| 0 0 1 0 1−t 0
0 0 0 0| 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

k
(t,q)
5 (σ3) = 

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0| 0 0 0 0 0 0
0 0 t 0| 0 0 0 0 0 0
0 1 1−t 0| 0 0 0 0 0 0
0 0 0 1| 0 0 0 0 0 0
0 0 0 0| 0 t 0 0 0 0
0 0 0 0| 1 1−t 0 0 0 0
0 0 0 0| 0 0 1 0 0 0
0 0 qt(t−1) 0| 0 qt(t−1) 0 qt2 0 t(t−1)
0 0 0 0| 0 0 0 0 0 t

0 0 0 0| 0 0 0 0 1 1−t

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, 

1 Together with Prof. Yang Hui-He and Dr. Mikhail Burtsev, both from LIMS, we found the formulas for 
B5.
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k
(t,q)
5 (σ4) = 

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 |0 0 0 0 0 0
0 1 0 0 |0 0 0 0 0 0
0 0 0 t |0 0 0 0 0 0
0 0 1 1−t |0 0 0 0 0 0
0 0 0 0 |1 0 0 0 0 0
0 0 0 0 |0 0 t 0 0 0
0 0 0 0 |0 1 1−t 0 0 0
0 0 0 0 |0 0 0 0 t 0
0 0 0 0 |0 0 0 1 1−t 0
0 0 0 qt(t−1) |0 0 qt(t−1) 0 qt(t−1) qt2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (2.21)

The formulas of LK representation k(t,q)
n (σr) for B6 are as follows:

k
(t,q)
6 (σ1) = 

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

qt2 0 0 0 0 t(t−1) t(t−1) t(t−1) t(t−1) 0 0 0 0 0 0
0 0 0 0 0 t 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 t 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 t 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 t 0 0 0 0 0 0
0 1 0 0 0 1−t 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1−t 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 1−t 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 1−t 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (2.22)

k
(t,q)
6 (σ2) = 

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 t 0 0 0| 0 0 0 0 0 0 0 0 0 0
1 1−t 0 0 0| 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0| 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0| 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1| 0 0 0 0 0 0 0 0 0 0
0 qt(t−1) 0 0 0| qt2 0 0 0 t(t−1) t(t−1) t(t−1) 0 0 0
0 0 0 0 0| 0 0 0 0 t 0 0 0 0 0
0 0 0 0 0| 0 0 0 0 0 t 0 0 0 0
0 0 0 0 0| 0 0 0 0 0 0 t 0 0 0
0 0 0 0 0| 0 1 0 0 1−t 0 0 t 0 0
0 0 0 0 0| 0 0 1 0 0 1−t 0 0 0 0
0 0 0 0 0| 0 0 0 1 0 0 1−t 0 0 0
0 0 0 0 0| 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0| 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0| 0 0 0 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, 

k
(t,q)
6 (σ3) = 

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 |0 0 0 0 0 0 0 0 0 0
0 0 t 0 0 |0 0 0 0 0 0 0 0 0 0
0 1 1−t 0 0 |0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 |0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 |0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 |0 t 0 0 0 0 0 0 0 0
0 0 0 0 0 |1 1−t 0 0 0 0 0 0 0 0
0 0 0 0 0 |0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 |0 0 0 1 0 0 0 0 0 0
0 0 qt(t−1) 0 0 |0 qt(t−1) 0 0 qt2 0 0 t(t−1) t(t−1) 0
0 0 0 0 0 |0 0 0 0 0 0 0 t 0 0
0 0 0 0 0 |0 0 0 0 0 0 0 0 t 0
0 0 0 0 0 |0 0 0 0 0 1 0 1−t 0 0
0 0 0 0 0 |0 0 0 0 0 0 1 0 1−t 0
0 0 0 0 0 |0 0 0 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,
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k
(t,q)
6 (σ4) = 

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 |0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 |0 0 0 0 0 0 0 0 0 0
0 0 0 t 0 |0 0 0 0 0 0 0 0 0 0
0 0 1 1−t 0 |0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 |0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 |1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 |0 0 t 0 0 0 0 0 0 0
0 0 0 0 0 |0 1 1−t 0 0 0 0 0 0 0
0 0 0 0 0 |0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 |0 0 0 0 0 t 0 0 0 0
0 0 0 0 0 |0 0 0 0 1 1−t 0 0 0 0
0 0 0 0 0 |0 0 0 0 0 0 1 0 0 0
0 0 0 qt(t−1) 0 |0 0 qt(t−1) 0 0 qt(t−1) 0 qt2 0 t(t−1)
0 0 0 0 0 |0 0 0 0 0 0 0 0 0 t

0 0 0 0 0 |0 0 0 0 0 0 0 0 1 1−t

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

k
(t,q)
6 (σ5) = 

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 |0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 |0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 |0 0 0 0 0 0 0 0 0 0
0 0 0 0 t |0 0 0 0 0 0 0 0 0 0
0 0 0 1 1−t |0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 |1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 |0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 |0 0 0 t 0 0 0 0 0 0
0 0 0 0 0 |0 0 1 1−t 0 0 0 0 0 0
0 0 0 0 0 |0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 |0 0 0 0 0 0 t 0 0 0
0 0 0 0 0 |0 0 0 0 0 1 1−t 0 0 0
0 0 0 0 0 |0 0 0 0 0 0 0 0 t 0
0 0 0 0 0 |0 0 0 0 0 0 0 1 1−t 0
0 0 0 0 qt(t−1) |0 0 0 qt(t−1) 0 0 qt(t−1) 0 qt(t−1) qt2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

To connect representations k(t,q)
n+1 and k(t,q)

n we introduce some notations. Define for σ ∈
Sn, where Sn is a permutation group, and

σ =
(︂

1 2 ... n−1 n
σ(1) σ(2) ... σ(n−1) σ(n)

)︂
,

the basis permutation operator sσ ∈ GL(n,C), defined by

sσek = eσ(k), 1 ≤ k ≤ n, (2.23)

where (ek)nk=1 is a standard basis in Cn.

Lemma 2.1. 2 We have the following relations between k(t,q)
n and k(t,q)

n+1 :

k
(t,q)
n+1 (σr) − qt(t − 1)E(1,r+1),(r,r+1) = Dn+1,r⊕ k(t,q)

n (σr−1), 2 ≤ r ≤ n, (2.24)

sσn+1,1

(︁
k

(t,q)
n+1 (σ1) − t(t − 1)E(2,n+1),(1,2)

)︁
s−1
σn+1,1

= k(t,q)
n (σ1) ⊕Dn+1,1,

where Dn+1,r and sσn+1,1 are defined below.

2 After proving this lemma, the author asked Dr. Mikhail Burtsev from LIMS to find the connection 
between k(t,q)

n and k(t,q)
n+1 with GPT o3. The result was not the same but rather similar.
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Proof. If we compare (2.19) and (2.18) we get

k
(t,q)
3 (σ2) − qt(t− 1)E13,23 = D32 ⊕ k

(t,q)
2 (σ1), (2.25)

k
(t,q)
3 (σ1) − t(t− 1)E23,12 = k

(t,q)
2 (σ1) ⊕D31, (2.26)

where D32 = D31 =
(︂

0 t
1 1−t

)︂
, σ31 =

(︁ 1 2 3
1 2 3

)︁
= e ∈ S3. (2.27)

The expression for σ31 follows from the arrangement of the lexicographic order

(︁ 12 13
23

)︁
, 

(︁ 1 2
3

)︁ → (︁ 1 2
3

)︁
. (2.28)

If we compare (2.19) and (2.20) we get

k
(t,q)
4 (σ3) − qt(t− 1)E14,34 = D43 ⊕ k

(t,q)
3 (σ2), (2.29)

k
(t,q)
4 (σ2) − qt(t− 1)E13,23 = D42 ⊕ k

(t,q)
3 (σ1), (2.30)

sσ41

(︁
k

(t,q)
4 (σ1) − t(t− 1)E24,12

)︁
s−1
σ41

= k
(t,q)
3 (σ1) ⊕D41, (2.31)

where D43 =
(︃

1 0 0
0 0 t
0 1 1−t

)︃
, D42 = D41 =

(︃
0 t 0
1 1−t 0
0 0 1

)︃
, (2.32)

and σ41 =
(︂

1 2| 3 4 |5 6
1 2| 4 3 |5 6

)︂
. (2.33)

The expression for σ41 follows from the arrangement of the lexicographic order
(︃

12 13 14
23 24

34

)︃
, 

(︃
1 2 3

4 5
6

)︃
→

(︃
1 2 4

3 5
6

)︃
. (2.34)

If we compare (2.20) and (2.21) we can observe

k
(t,q)
5 (σ4) − qt(t− 1)E15,45 = D54 ⊕ k

(t,q)
4 (σ3), (2.35)

k
(t,q)
5 (σ3) − qt(t− 1)E14,34 = D53 ⊕ k

(t,q)
3 (σ2), (2.36)

k
(t,q)
5 (σ2) − qt(t− 1)E13,23 = D52 ⊕ k

(t,q)
3 (σ1), (2.37)

sσ51

(︁
k

(t,q)
5 (σ1) − t(t− 1)E25,12

)︁
s−1
σ51

= k
(t,q)
3 (σ1) ⊕D51, (2.38)

where σ51 = 
(︂

1 2 3| 4 5 6 7 8 |9 10
1 2 3| 7 4 5 8 6 |9 10

)︂
and (2.39)

D54 =
(︄ 1 0 |0 0

0 1 |0 0
0 1 |0 t

0 0 |1 1−t

)︄
, D53 =

(︄ 1| 0 0 |0
0| 0 t |0
0| 1 1−t |0
0| 0 0 |1

)︄
, D52 = D51 =

(︄ 0 t |0 0
1 1−t |0 0
0 0 |1 0
0 0 |0 1

)︄
. (2.40)

The expression for σ51 follows from the arrangement of the lexicographic order
(︄ 12 13 14 15

23 24 25
34 35

45

)︄
, 

(︄ 1 2 3 4
5 6 7

8 9
10

)︄
→

(︄ 1 2 3 7
4 5 8

6 9
10

)︄
. (2.41)
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If we compare (2.21) and (2.22) we get connection between k(t,q)
6 and k(t,q)

5

k
(t,q)
6 (σ5) − qt(t− 1)E16,56 = D65 ⊕ k

(t,q)
5 (σ4), (2.42)

k
(t,q)
6 (σ4) − qt(t− 1)E15,45 = D64 ⊕ k

(t,q)
5 (σ3), (2.43)

k
(t,q)
6 (σ3) − qt(t− 1)E14,34 = D63 ⊕ k

(t,q)
5 (σ2), (2.44)

k
(t,q)
6 (σ2) − qt(t− 1)E13,23 = D62 ⊕ k

(t,q)
5 (σ1), (2.45)

sσ61

(︁
k

(t,q)
6 (σ1) − t(t− 1)E26,12

)︁
s−1
σ61

= k
(t,q)
5 (σ1) ⊕D61, (2.46)

where σ61 = 
(︂

1 2 3 4| 5 6 7 8 9 10 11 12 13 |14 15
1 2 3 4| 11 5 6 7 12 8 9 13 10 |14 15

)︂
and (2.47)

D65 =

⎛
⎜⎝

1 0 0 |0 0
0 1 0 |0 0
0 0 1 |0 0
0 0 1 |0 t

0 0 0 |1 1−t

⎞
⎟⎠ , D64 =

⎛
⎜⎝

1 0 |0 0 |0
0 1 |0 0 |0
0 0 |0 t |0
0 0 |1 1−t |0
0 0 |0 0 |1

⎞
⎟⎠ , D63 =

⎛
⎜⎝

1 |0 0 |0 0
0 |0 t |0 0
0 |1 1−t |0 0
0 |0 0 |1 0
0 |0 0 |0 1

⎞
⎟⎠ ,

D62 = D61 =

⎛
⎜⎝

0 t |0 0 0
1 1−t |0 0 0
0 0 |1 0 0
0 0 |0 1 0
0 0 |0 0 1

⎞
⎟⎠ . (2.48)

The expression for σ61 follows from the arrangement of the lexicographic order

⎛
⎝ 12 13 14 15 16

23 24 25 16
34 35 36

45 46
56

⎞
⎠ , 

⎛
⎝ 1 2 3 4 5

6 7 8 9
10 11 12

13 14
15

⎞
⎠ →

⎛
⎝ 1 2 3 4 11

5 6 7 12
8 9 13

10 14
15

⎞
⎠ . (2.49)

The general relations (2.24) we can obtain in a similar way. □
Remark 2.2. We can observe that due to the description of the spectrum k(t,q)

n given 
below by (2.62), the diagonal part diag

(︁
k

(t,q)
n (σr)

)︁
of k(t,q)

n (σr) for all 1 ≤ r ≤ n are the 
same, up to some permutation:

diag
(︁
kt,qn (σr)

)︁
= {qt2, 0, . . . , 0⏞ ⏟⏟ ⏞

n−2 times

, 1 − t, . . . , 1 − t⏞ ⏟⏟ ⏞
n−2 times

, 1, . . . , 1⏞ ⏟⏟ ⏞
(n−1)(n−2)/2−(n−2), times

}. (2.50)

2.4. Representations of Bn+1 via representations of the Lie algebra 𝔤ln

We can generalize the reduced Burau representation of Bn just observing, see [16], 
that ρ(t)

n is a product of several exp′ s of an appropriate Serre generators of the natural 
(or fundamental ) representation of the Lie algebra 𝔰ln (in fact of 𝔤ln), see (2.57). To be 
more precise, we show that the reduced Burau representation for B3

σ1 ↦→ (︁−t t
0 1

)︁
, σ2 ↦→

(︂
1 0
1 −t

)︂
, (2.51)

can be rewritten as follows:
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σ1 ↦→ (︁−t t
0 1

)︁
=

(︁−t 0
0 1

)︁ (︁ 1 −1
0 1

)︁
= exp(sE11) exp(−E12), (2.52)

σ2 ↦→
(︂

1 0
1 −t

)︂
=

(︁ 1 0
1 1

)︁ (︂ 1 0
0 −t

)︂
= exp(E21) exp(sE22), (2.53)

where Ekn are matrix unities and s = ln(−t) for negative t.
For B4 the reduced Burau representation is defined as follows:

ρ
(t)
4 : B4 → GL3(Z[t, t−1]),

σ1 ↦→
(︃−t t 0

0 1 0
0 0 1

)︃
, σ2 ↦→

(︃
1 0 0
1 −t t
0 0 1

)︃
, σ3 ↦→

(︃
1 0 0
0 1 0
0 1 −t

)︃
, (2.54)

σ1 ↦→
(︃−t t 0

0 1 0
0 0 1

)︃
=

(︃−t 0 0
0 1 0
0 0 1

)︃(︃
1 −1 0
0 1 0
0 0 1

)︃
= exp(sE11) exp(−E12),

σ2 ↦→ 
(︃

1 0 0
1 −t t
0 0 1

)︃
= 
(︃

1 0 0
1 1 0
0 0 1

)︃(︃
1 0 0
0 −t 0
0 0 1

)︃(︃
1 0 0
0 1 −1
0 0 1

)︃
= exp(E21) exp(sE22) exp(−E23),

σ3 ↦→
(︃

1 0 0
0 1 0
0 1 −t

)︃
=

(︃
1 0 0
0 1 0
0 1 1

)︃(︃
1 0 0
0 1 0
0 0 −t

)︃
= exp(E32) exp(sE33),

where s = ln(−t) when t < 0. Finally, we get

σ1 = exp(sE11) exp(−X1), σ2 = exp(Y1) exp(sE22) exp(−X2), (2.55)

σ3 = exp(Y2) exp(sE33). (2.56)

Remark 2.3. In the general case for arbitrary Bn, the formulas are similar, see (2.57). 
We can use this formula, factorizations of σi, for quantization of the symmetric square 
of the reduced Burau representations, since it is easy to quantize the Pascal triangle, see 
Sections 2.10, 2.12, especially formulas (2.106) and (2.108).

Below we give the Cartan matrix A corresponding to a Lie algebra 𝔰ln and ``the rule to 
obtain'' the right formulas, where Xk = Ekk+1, Yk = Ek+1k and Hk = Ekk − Ek+1,k+1, 
1 ≤ k ≤ n− 1, are the Serre generators of 𝔰ln:

A =

⎛
⎜⎜⎜⎝

2 −1 0 ... 0 0 0
−1 2 −1 ... 0 0 0
0 −1 2 ... 0 0 0

...
0 0 0 ... 2 −1 0
0 0 0 ... −1 2 −1
0 0 0 ... 0 −1 2

⎞
⎟⎟⎟⎠ , 

⎛
⎜⎜⎜⎜⎜⎝

E11 −X1
Y1 E22 −X2

Y2 E33 −X3
Y3

...
−Xn−2

En−1,n−1 −Xn−1
Yn−1 Enn

⎞
⎟⎟⎟⎟⎟⎠ .

We put generators Xk = Ekk+1, Yk = Ek+1k in their appropriate places, corresponding 
to the indices of Ekr.

Lemma 2.2. Let π : 𝔤ln → End(V ) be an arbitrary representation of the Lie algebra 𝔤ln
in the space V . Then the following formulas
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ρπn+1(σ1) ↦→ exp
(︁
sπ(E11)

)︁
exp

(︁− π(X1)
)︁
,

ρπn+1(σk) ↦→ exp
(︁
π(Yk−1)

)︁
exp

(︁
sπ(Ekk)

)︁
exp(−π(Xk)

)︁
,

ρπn+1(σn) ↦→ exp
(︁
π(Yn−1)

)︁
exp

(︁
sπ(Enn)

)︁ (2.57)

give us representation ρπn+1 : Bn+1 → GL(V ) of the braid group Bn+1 in the space V . 
For π being the natural representation of the Lie algebra 𝔰ln we get the reduced Burau 
representation ρ(t)

n+1.

Proof. It is sufficient to use the fact that formulas (2.2) and (2.3) (or (2.4), (2.5)) define 
representation of the group Bn. □
2.5. Connection between the Lawrence-Krammer and the reduced Burau representation

Theorem 2.3. The Lawrence-Krammer representation k(t,q)
n defined by (2.16) is equivalent 

with the quantization of the symmetric square of the reduced Burau representation, up 
to changing of the basis:

k(t,q)
n = s−1

σn1

[︁
S2(ρ(t)

n )e,v
]︁
q
sσn1 , (2.58)

see Remark 2.12 below for the explicit explanation of the notation 
[︁
S2(ρ(t)

n )e,v
]︁
q
. Here 

the operator sσ is defined by (2.23), and σn1 is defined in Lemma 2.1.

Remark 2.4. In any representation of the group Bn all generators σk, for 1 ≤ k ≤ n− 1, 
have the same spectrum since they are conjugated:

σkσk+1σk = σk+1σkσk+1. (2.59)

That is why we can speak about the spectrum of the representation of Bn.

The spectrum of the reduced Burau representation ρ(t)
n of Bn is as follows:

Sp ρ(t)
n (σk) = {−t, 1, . . . , 1⏞ ⏟⏟ ⏞

n−2 times

}. (2.60)

The spectrum of its symmetric square is:

SpS2(ρ(t)
n (σk)) = {t2,−t, . . . ,−t⏞ ⏟⏟ ⏞

n−2 times

, 1, . . . , 1⏞ ⏟⏟ ⏞
(n−1)(n−2)/2, times

}. (2.61)

In [26, Claim 5.8] (see also [27, Lemma 5]) the following fact is proved

Lemma 2.4. The spectrum of the Lawrence-Krammer representation LK := k
(t,q)
n of the 

group Bn, i.e., Sp
(︁
LK(σk)

)︁
is as follows:
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Sp
(︁
LK(σk)

)︁
= {qt2,−t, . . . ,−t⏞ ⏟⏟ ⏞

n−2 times

, 1, . . . , 1⏞ ⏟⏟ ⏞
(n−1)(n−2)/2, times

}. (2.62)

If we set q = 1 in (2.62) we get (2.61). Moreover, in [17, Proposition 3.2] the following 
connection between the Krammer V module and the Burau W module was proved. Fix 
representation K(t,q)

n defined by (2.15).

Proposition 2.5 ([17]). If t = 1 and 2 is invertible in R, then there is an isomorphism of 
Bn-modules V → S2W (symmetric square of W ) given by vij ↦→ w2

ij and, more generally, 
v(T ) ↦→ w(T )2.

2.6. Summary

1. We don’t know how to quantize any representations of the groups Bn.
2. But if the representation is an n-th symmetric power of some representation Bn, 

then the Pascal triangle appears naturally, see Theorem 2.6 and especially formula 
(2.71), we know how to quantize the Pascal triangle, see Section 2.9 below.

3. The Lawrence-Krammer (LK) representation k(t,q)
n defined by (2.16) for q = 1 is the 

symmetric square of the Burau representation S2(ρ(t)
n ), see Proposition 2.5, that is 

why we can use the previous item.
4. The fact that all irreducible representations of B3 in dimV ≤ 5 obtained by Tuba 

and Wenzl [28,29] can be given by formulas (2.73), see Theorem 2.8, i.e., by the 
quantization of the Pascal triangle (up to diagonal matrix Λn) means that the q
Pascal triangle reflects the deep properties of the braid groups!

5. Formulas (2.73) cover not only dimV ≤ 5, but in any dimension n ∈ N it gives an 
n(n− 1)/2 parameter family of representations of B3.

2.7. Lie algebra 𝔰𝔩2 and its finite-dimensional irreducible representations

Recall that the Lie algebra 𝔰l2 is the Lie algebra of 2 × 2 real matrices with trace 
equals to zero. The standard basis X, Y, H in a Lie algebra 𝔰l2 is as follows:

X =
(︁ 0 1

0 0

)︁
, Y =

(︁ 0 0
1 0

)︁
, H =

(︂
1 0
0 −1

)︂
. (2.63)

This natural representations π2 : 𝔰𝔩2 → End(C2) are called fundamental representation 
of the Lie algebra 𝔰l2.

All finite-dimensional U -module V being the highest weight module of highest weight 
λ are of the following form see Kassel, [14, Theorem V.4.4.]:

ρ(n)(X) = Sn(π2(X)) = 

⎛
⎝0 n 0 ... 0

0 0 n−1 ... 0
...

0 0 0 ... 1
0 0 0 ... 0

⎞
⎠ , ρ(n)(Y ) = Sn(π2(Y )) = 

⎛
⎝0 0 ... 0 0

1 0 ... 0 0
0 2 ... 0 0

...
0 0 ... n 0

⎞
⎠ , (2.64)



A.V. Kosyak / Linear Algebra and its Applications 727 (2025) 203--233 217

ρ(n)(H) = Sn(π2(H)) =

⎛
⎝ n 0 ... 0 0

0 n−2 ... 0 0
...
... −n+2 0

0 0 ... 0 −n

⎞
⎠ , (2.65)

where λ = dim(V ) −1 ∈N. In fact, all finite-dimensional irreducible representations of 
𝔰𝔩2 are n-symmetric powers of the fundamental representation π2.

The main idea of the book by Kassel and Turaev [15] is to give a comprehensive 
introduction to the theory of braid groups.

2.8. Pascal triangle and representations of B3 and Lie algebra 𝔰𝔩2

The connection of the Pascal triangle with representations of B3 was firstly noticed 
by Humphries in [11]. Set in (2.73) Λn = I and q = 1, then

σ1 ↦→ σ1(1, n), σ2 ↦→ σ2(1, n), where σ2(1, n) =
(︁
σ1(1, n)−1)︁♯ (2.66)

is an irreducible representation of the group B3 in Cn+1. Here the Pascal triangle denoted 
by σ1(1, n), for n− 1 ∈ N, is defined as follows:

σ1(1, 1) =
(︁ 1 1

0 1

)︁
, σ1(1, 2) =

(︃
1 2 1
0 1 1
0 0 1

)︃
, σ1(1, 3) =

(︄ 1 3 3 1
0 1 2 1
0 0 1 1
0 0 0 1

)︄
, etc. (2.67)

The central symmetry A ↦→ A♯, for the matrix A ∈ Mat(n+ 1,C), A = (akm)0≤k,m≤n is 
defined as follows:

A♯ =
(︁
a♯km

)︁
0≤k,m≤n

, a♯km = an−k,n−m. (2.68)

Theorem 2.6. Let π2 be the fundamental representation of 𝔰𝔩2 then

σ1(1, n) = exp
(︁
ρ(X)

)︁
= exp

(︁
Sn(π2(X))

)︁
, (2.69)

σ2(1, n) = exp
(︁
ρ(−Y )

)︁
= exp

(︁
Sn(π2(−Y ))

)︁
, (2.70)

i.e., the Humphries representation of B3 in dimension n+1 is the n-th symmetric power 
of the Burau representation ρ(−1)

3 .

As the result of (2.69) we have one nice formula, 
(︄ 1 3 3 1

0 1 2 1
0 0 1 1
0 0 0 1

)︄
= exp

(︄ 0 3 0 0
0 0 2 0
0 0 0 1
0 0 0 0

)︄
, and in 

the general case

σ1(1, n) =

⎛
⎜⎜⎜⎜⎜⎝

(nn) ( n 
n−1) ( n 

n−2) ... (n1 ) (n0 )
0 (n−1

n−1) (n−1
n−2) ... (n−1

1 ) (n−1
0 )

0 0 (n−2
n−2) ... (n−2

1 ) (n−2
0 )

...

0 0 0 ... (1
1) (1

0)
0 0 0 ... 0 (0

0)

⎞
⎟⎟⎟⎟⎟⎠ = exp

(︂ n−1∑︂
k=0 

(n− k)Ek,k+1

)︂
. (2.71)
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2.9. q-Pascal triangle and representations of B3

We define the family of representations of the group B3 using q-Pascal triangle [1,16]. 
For q ∈ C× := C \ {0} and a matrix

Λn = diag(λr)nr=0 such that λrλn−r = const, set (2.72)

σΛn
1 (q, n) := σ1(q, n)D♯

n(q)Λn, σΛn
2 (q, n) := Λ♯

nDn(q)σ2(q, n), (2.73)

where Dn(q) = diag(qr)nr=0, qr = q
(r−1)r

2 , (2.74)

and σ1(q, n) is the q-Pascal triangle obtained from the Pascal triangle σ1(1, n) by re
placing all natural numbers k by the q-natural numbers (k)q, see (2.79). More precisely, 
define σ1(q, n) as follows: σ1(q, n) =

(︁
σ1(q, n)km

)︁
0≤k,m≤n

, where

σ1(q, n)km =
(︂

n−k
n−m

)︂
q
, 0 ≤ k,m ≤ n, (2.75)

σ2(q, n) :=
(︁
σ−1

1 (q−1, n)
)︁♯
, (2.76)

(︁
σ−1

1 (q−1, n)
)︁♯
km

=
{︄

0, if 0 < k < m ≤ n

(−1)k+mq−1
k−mCm

k (q−1), if 0 ≤ m ≤ k ≤ n
. (2.77)

Here the q-binomial coefficients or Gaussian polynomials are defined as follows:

Ck
n(q) :=

(︁ n
k

)︁
q

:= (n)!q
(k)!q(n− k)!q

, Ck
n[q] :=

[︁ n
k

]︁
q

:= [n]!q
[k]!q[n− k]!q

(2.78)

corresponding to the two forms of q−natural numbers, defined by

(n)q := qn − 1
q − 1 

, [n]q := qn − q−n

q − q−1 . (2.79)

Remark 2.5. We have

Dn(q)σ2(q, n) = jn
(︁
σ1(q, n)

)︁♯
j−1
n Dn(q), where jn= 

n ∑︂
r=0 

(−1)rEr,n−r. (2.80)

Another way to obtain (2.73) is as follows. Define q-Pochhammer symbol

(a; q)n =
n−1∏︂
k=0 

(1 − aqk) = (1 − a)(1 − aq)(1 − aq2) · · · (1 − aqn−1). (2.81)

We have, see [2]:

(1 + x)kq := (−x; q)k =
k∑︂

r=0 
qr(r−1)/2Cr

k(q)xr =
k∑︂

r=0 
qr(r−1)/2 (︁ k

r

)︁
q
xr. (2.82)
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Therefore, the inversion of the matrix σΛn
1 (q, n) for Λn = In+1 with respect to the 

auxiliary diagonal is the matrix of transformations of the monomials x0, x1, x2, . . . , xn

under the rule (2.82).

Theorem 2.7 ([1,16]). Formulas σ1 ↦→ σΛn
1 (q, n), σ2 ↦→ σΛn

2 (q, n), see (2.73), define 
family of representation of the group B3 in dimension n + 1.

Remark 2.6. Let π : B3 → GL(m,C) be a representation. Fix two matrices Λ1, Λ2 ∈
GL(m,C) and define πΛ(σ1) = Λ1π(σ1), πΛ(σ2) = π(σ2)Λ2. When πΛ is again a 
representation of B3? Under the additional conditions Λ1Λ2 = cI, c ∈ C and Λ1 =
diag(λk)mk=0 the criterion for πΛ to be representation is the following:

Λ1π(σ1σ2σ1) = π(σ1σ2σ1)Λ2. (2.83)

This implies condition (2.72), i.e., λrλn−r = c.

Theorem 2.8 ([28,1,16]). All representations of the group B3 in dimension ≤ 5 are given 
by the formulas (2.73).

In dimension 2 we get for Λ1 = diag(λ0, λ1)

σΛ1
1 (q, 1) =

(︁ 1 1
0 1

)︁ (︂ λ0 0
0 λ1

)︂
, σΛ1

2 (q, 1) =
(︂

λ1 0
0 λ0

)︂(︂
1 0
−1 1

)︂
. (2.84)

In dimension 3, we get for Λ2 = diag(λ0, λ1, λ2) with λ0λ2 = λ2
1

σΛ2
1 (q, 2) = 

(︃
1 (1+q) 1
0 1 1
0 0 1

)︃
D♯

2(q)Λ2, σ
Λ2
2 (q, 2) = Λ♯

2

(︃ 1 0 0
−1 1 0
1 −(1+q) 1

)︃
D2(q). (2.85)

In dimension 4, we get for Λ3 = diag(λ0, λ1, λ2, λ3) with λ0λ3 = λ1λ2, see Remark 2.5:

σΛ3
1 (q, 3) =

(︄ 1 (1+q+q2) (1+q+q2) 1
0 1 (1+q) 1
0 0 1 1
0 0 0 1

)︄
D♯

3(q)Λ3, (2.86)

σΛ3
2 (q, 3) = Λ♯

3

(︄ 1 0 0 0
−1 1 0 0
1 −(1+q) 1 0
−1 (1+q+q2) −(1+q+q2) 1

)︄
D3(q). (2.87)

In dimension 5, we get for Λ4 = diag(λr)4r=0 with λ0λ4 = λ1λ3 = λ2
2:

σΛ4
1 (q, 4) = 

⎛
⎜⎝

1 (1+q)(1+q2) (1+q2)(1+q+q2) (1+q)(1+q2) 1
0 1 1+q+q2 1+q+q2 1
0 0 1 1+q 1
0 0 0 1 1
0 0 0 0 1

⎞
⎟⎠D♯

4(q)Λ4, (2.88)

σΛ4
2 (q, 4) = Λ♯

4

⎛
⎜⎝

1 0 0 0 0
−1 1 0 0 0
1 −(1+q) 1 0 0
−1 (1+q+q2) −(1+q+q2) 1 0
1 −(1+q)(1+q2) (1+q2)(1+q+q2) −(1+q)(1+q2) 1

⎞
⎟⎠D4(q). (2.89)
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2.10. Quantization of the Pascal triangle

Remark 2.7. The following procedure of quantization (``Quant'') is based on the quan
tization of the Pascal triangle explained in [1,16], formulas (10) and (11). To be more 
precise, we change the binomial coefficients 

(︁ n
k

)︁
of the Pascal triangle by q-binomial 

coefficients 
(︁ n
k

)︁
q
= (n)!q

(k)!q(n−k)!q .

We introduce the representation TΛn,q
3,n+1 of the braid group B3 equivalent to the rep

resentation (2.73) in dimension n + 1 as follows:

TΛn,q
3,n+1(σ1) =

(︁
σΛn

2 (q, n)
)︁♯
, TΛn,q

3,n+1(σ2) =
(︁
σΛn

1 (q, n)
)︁♯
. (2.90)

Lemma 2.9. We have

TΛn,q
3,n+1(σ1) = Jnσ

Λn
2 (q, n)J−1

n , TΛn,q
3,n+1(σ2) = Jnσ

Λn
1 (q, n)J−1

n . (2.91)

Proof. We use the fact that A♯ = JnAJ−1
n , where Jn =

∑︁n
r=0 Er,n−r. □

Remark 2.8. Using [29], see also [16], we conclude that all representation of B3 in dimen
sion 2, 3, 4 and 5 are equivalent with the following ones, where Λ1 = s diag(−t, 1) and 
s, t ∈ C×:

TΛ1,1
32 (σ1) = s

(︁−t t
0 1

)︁
= s 

(︁−t 0
0 1

)︁ (︁ 1 −1
0 1

)︁
, TΛ1,1

32 (σ2) = s 
(︂

1 0
1 −t

)︂
= s

(︁ 1 0
1 1

)︁ (︂ 1 0
0 −t

)︂
. (2.92)

All representations of B3 in dimension 3 are given by the following formulas, where 
sΛ2 = sdiag(t2,−t, 1) = sdiag(t2,−t, 1) and s, t, q ∈ C×:

TΛ2,q
33 (σ1) = s

(︃
t2q −t2(1+q) t2

0 −t t
0 0 1

)︃
= sΛ2

(︃
1 −(1+q) 1
0 1 −1
0 0 1

)︃
D♯

2(q), (2.93)

TΛ2,q
33 (σ2) = s

(︃ 1 0 0
1 −t 0
1 −t(1+q) t2q

)︃
= s

(︃ 1 0 0
1 1 0
1 (1+q) 1

)︃
D2(q)Λ♯

2. (2.94)

Remark 2.9. If we are sufficiently attentive, we can recognize here the Lawrence
Krammer representation of B3 for s = 1, see formulas (2.109) and (2.116) below.

All representations of B3 in dimension 4 are given by the following formulas, where 
Λ3 = sdiag (−t3, ut2,−u−1t, t):

TΛ3,q
34 (σ1) = Λ3

(︄ 1 −(1+q+q2) (1+q+q2) −1
0 1 −(1+q) 1
0 0 1 −1
0 0 0 1

)︄
D♯

3(q), (2.95)

TΛ3,q
34 (σ2) =

(︄ 1 0 0 0
1 1 0 0
1 (1+q) 1 0
1 (1+q+q2) (1+q+q2) 1

)︄
D3(q)Λ♯

3. (2.96)
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For n = 5 we get

TΛ4,q
35 (σ1) = Λ4

⎛
⎜⎝

1 −(1+q)(1+q2) (1+q2)(1+q+q2) −(1+q)(1+q2) −1
0 1 −(1+q+q2) (1+q+q2) −1
0 0 1 −(1+q) 1
0 0 0 1 −1
0 0 0 0 1

⎞
⎟⎠D♯

4(q), (2.97)

TΛ4,q
35 (σ2) =

⎛
⎜⎝

1 0 0 0 0
1 1 0 0 0
1 (1+q) 1 0 0
1 (1+q+q2) (1+q+q2) 1 0
1 (1+q)(1+q2) (1+q2)(1+q+q2) (1+q)(1+q2) 1

⎞
⎟⎠D4(q)Λ♯

4. (2.98)

Remark 2.10. The irreducibility criteria for the representation (2.73) of B3 in dimensions 
n ≤ 5 were obtained in [28,29].

Remark 2.11. For dimensions n ≥ 6 formulas (2.73) gives us some family of represen
tations of B3 but not all, see [29, Remark 2.11.3]. For more representations of B3 see, 
e.g., Westbury, [30]. The question of the irreducibility of representations (2.73) is open 
for n ≥ 6.

2.11. Symmetric basis in V ⊗ V

Let V be a finite-dimensional linear space with the basis (ek)nk=1. The tensor product 
V ⊗V is a linear space generated by the basis 

(︁
ek⊗er

)︁n
k,r=1. The symmetric square S2(V )

of the space V is a subspace of V ⊗V generated by one of the equivalent symmetric basis 
e =

(︁
eskn

)︁
kn

or v =
(︁
vkn

)︁
kn

, defined as follows:

eskk = ek ⊗ ek, 1 ≤ k ≤ n, eskr = ek ⊗ er + er ⊗ ek, 1 ≤ k < r ≤ n, (2.99)

vkr = (ek + · · · + er−1) ⊗ (ek + · · · + er−1), 1 ≤ k < r ≤ n. (2.100)

We fix a lexicographic order on the set (k, r) with 1 ≤ k ≤ r ≤ n. Let an operator A acts 
on a space V . Denote by A ⊗ A its tensor product on a space V ⊗ V and by S2(A) its 
symmetric square.

2.12. Proof of Theorem 2.3

Remark 2.12. We show that 
[︁
S2(ρ(t)

n )e,v
]︁
q
, the quantization [. . . ]q of the symmetric 

square S2(ρ(t)
n )e of the reduced Burau representations ρ(t)

n for the group Bn, expressed 
in the basis e defined by (2.99) and calculated further in the basis v defined by (2.100), 
coincide with the Lawrence-Krammer representation k(t,q)

n in notations (2.16), i.e., we 
show that

s−1
σn1

Cn

[︁
S2(︁ρ(t)

n (σr)
)︁
e

]︁
q
C−1

n sσn1 = k(t,q)
n (σr), for 1 ≤ r ≤ n− 1, (2.101)
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where Cn is the change-of-basis matrix from the basis e defined by (2.99) to the basis 
v defined by (2.100) for the vector space S2(Cn−1). Here the operator sσ is defined by 
(2.23), and σn1 is defined in Lemma 2.1.

The Burau representation ρ(t)
3 for B3 on the space V = C2 is as follows:

σ1 ↦→ (︁−t t
0 1

)︁
, σ2 ↦→

(︂
1 0
1 −t

)︂
. (2.102)

We fix the standard basis e = (ek)nk=1 in Cn, namely set

ek = (0, . . . , 0, 1⏞ ⏟⏟ ⏞
k place

, 0, . . . , 0), 1 ≤ k ≤ n. (2.103)

In the symmetric square S2(C2) the basis e and v are the following:

es11 = e1 ⊗ e1, es12 = e1 ⊗ e2 + e2 ⊗ e1, es22 = e2 ⊗ e2, (2.104)

v12 = e1 ⊗ e1, vs13 = (e1 + e2) ⊗ (e1 + e2), v23 = e2 ⊗ e2. (2.105)

The quantization of the symmetric square 
[︁
S2(σk)e

]︁
q

:=
[︁
S2(︁ρ(t)

3 (σk)
)︁
e

]︁
q

for k = 1, 2 of 
the Burau representation ρ(t)

3 has the following form in the basis e:

σ1 ↦→ (︁−t 0
0 1

)︁ (︁ 1 −1
0 1

)︁ Sym2

↦→ 
(︃

t2 0 0
0 −t 0
0 0 1

)︃(︃
1 −2 1
0 1 −1
0 0 1

)︃
Quant↦→ (︃

t2 0 0
0 −t 0
0 0 1

)︃(︃
1 −(1+q) 1
0 1 −1
0 0 1

)︃(︃
q 0 0
0 1 0
0 0 1

)︃
=

(︃
t2q −t2(1+q) t2

0 −t t
0 0 1

)︃
. (2.106)

We denote

D1,2(q) = diag(q, 1, 1) and D2,2(q) = diag(1, 1, q). (2.107)

Similarly, we get

σ2 ↦→ (︁ 1 0
1 1

)︁ (︂ 1 0
0 −t

)︂
Sym2

↦→ 
(︃

1 0 0
1 1 0
1 2 1

)︃(︃
1 0 0
0 −t 0
0 0 t2

)︃
Quant↦→ (︃ 1 0 0

1 1 0
1 (1+q) q

)︃(︃ 1 0 0
0 1 0
0 0 q

)︃(︃
1 0 0
0 −t 0
0 0 t2

)︃
=

(︃ 1 0 0
1 −t 0
1 −t(1+q) t2q

)︃
. (2.108)

Finally, we have

[︁
S2(σ1)e

]︁
q

:=
(︃

t2q −t2(1+q) t2

0 −t t
0 0 1

)︃
, 

[︁
S2(σ2)e

]︁
q

:=
(︃ 1 0 0

1 −t 0
1 −t(1+q) t2q

)︃
. (2.109)

To enumerate the elements of the basis e and v by the same set of indices, set
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wij = vi,j−1. (2.110)

Since the basis e and w (hence v) are connected as follows:

es11 = w11
es12 = −w11 +w12 −w22
es22 = w22

, 
w11 = es11
w12 = es11 +es12 +es22
w22 = es22

, (2.111)

the change-of-basis matrix C3 in the space S2(C2) will be the following:

C3 =
(︃

1 −1 0
0 1 0
0 −1 1

)︃
, C−1

3 =
(︃

1 1 0
0 1 0
0 1 1

)︃
. (2.112)

We show that

C3
[︁
S2(σr)e

]︁
q
C−1

3 = k
(t,q)
3 (σr), for r = 1, 2. (2.113)

Here by (2.26) we have σ31 = e ∈ S3, that is why sσ31 = I. Indeed, we have

[S2(σ1)e,v]q := C3

(︃
t2q −t2(1+q) t2

0 −t t
0 0 1

)︃
C−1

3 =
(︃

t2q 0 t(t−1)
0 0 t
0 1 1−t

)︃
, (2.114)

[S2(σ2)e,v]q := C3

(︃ 1 0 0
1 −t 0
1 −t(1+q) t2q

)︃
C−1

3 =
(︃ 0 t 0

1 1−t 0
0 qt(t−1) t2q

)︃
. (2.115)

This coincides with the Krammer representation k(t,q)
3 for B3 in notations (2.16):

k
(t,q)
3 (σ1) =

(︃
t2q 0 t(t−1)
0 0 t
0 1 1−t

)︃
, k

(t,q)
3 (σ2) =

(︃ 0 t 0
1 1−t 0
0 qt(t−1) t2q

)︃
. (2.116)

The quantization of the symmetric square S2(ρ(t)
n+1) of the Burau representations ρ(t)

n+1
for the group Bn+1 will be defined as follows, compare with (2.57):

σ1 → [S2(σ1)]q = S2(︁ exp(sE11)
)︁[︁
S2(︁ exp(−E12)

)︁]︁
q
D1,n(q), (2.117)

σn → [S2(︁ exp(En−1,n)
)︁
]qDn,n(q)S2(︁ exp(sEnn)

)︁
, (2.118)

σk → [︁
S2(︁ exp(Ek,k−1)

)︁]︁
q
Dk,n(q)S2(︁ exp(sEkk)

)︁[︁
S2(︁ exp(−Ekk+1)

]︁
q
, (2.119)

where Dk,n(q) is defined for 1 ≤ k ≤ n and 1 ≤ r ≤ l ≤ n as follows:

Dk,n(q)esr,l = qesr,l if k = r = l, Dk,n(q)esr,l = esr,l, otherwise. (2.120)

The Burau representation ρ(t)
4 for B4 is as follows:

σ1 ↦→
(︃−t t 0

0 1 0
0 0 1

)︃
, σ2 ↦→

(︃
1 0 0
1 −t t
0 0 1

)︃
, σ3 ↦→

(︃
1 0 0
0 1 0
0 1 −t

)︃
. (2.121)
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The symmetric square of the reduced Burau representation ρ(t)
4 for B4 is as follows, see 

(2.54) and (2.55):

S2(σ1) ↦→

⎛
⎜⎜⎝

t2 0 0 0 0 0
0 −t 0 0 0 0
0 0 1 0 0 0
0 0 0 −t 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎞
⎟⎟⎠

⎛
⎜⎝

1 −2 1 0 0 0
0 1 −1 0 0 0
0 0 1 0 0 0
0 0 0 1 −1 0
0 0 0 0 1 0
0 0 0 0 0 1

⎞
⎟⎠ =

⎛
⎜⎜⎝

t2 −2t2 t2 0 0 0
0 −t t 0 0 0
0 0 1 0 0 0
0 0 0 −t t 0
0 0 0 0 1 0
0 0 0 0 0 1

⎞
⎟⎟⎠ ,

S2(σ2) =

⎛
⎜⎝

1 0 0 0 0 0
1 1 0 0 0 0
1 2 1 0 0 0
0 0 0 1 0 0
0 0 0 1 1 0
0 0 0 0 0 1

⎞
⎟⎠
⎛
⎜⎜⎝

1 0 0 0 0 0
0 −t 0 0 0 0
0 0 t2 0 0 0
0 0 0 1 0 0
0 0 0 0 −t 0
0 0 0 0 0 1

⎞
⎟⎟⎠
⎛
⎜⎝

1 0 0 0 0 0
0 1 0 −1 0 0
0 0 1 0 −2 1
0 0 0 1 0 0
0 0 0 0 1 −1
0 0 0 0 0 1

⎞
⎟⎠= 

⎛
⎜⎜⎝

1 0 0 0 0 0
1 −t 0 t 0 0
1 −2t t2 2t −2t2 t2

0 0 0 1 0 0
0 0 0 1 −t t
0 0 0 0 0 1

⎞
⎟⎟⎠ ,

S2(σ3) ↦→

⎛
⎜⎝

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 1 0 0
0 0 1 0 1 0
0 0 1 0 2 1

⎞
⎟⎠

⎛
⎜⎜⎝

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 −t 0 0
0 0 0 0 −t 0
0 0 0 0 0 t2

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 −t 0 0
0 0 1 0 −t 0
0 0 1 0 −2t t2

⎞
⎟⎟⎠ .

Using formulas (2.117), (2.118) and (2.119) we get

S2(σ1)
Quant↦→ 

⎛
⎜⎜⎝

t2 0 0 0 0 0
0 −t 0 0 0 0
0 0 1 0 0 0
0 0 0 −t 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎞
⎟⎟⎠

⎛
⎜⎜⎝

q −(1+q) 1 0 0 0
0 1 −1 0 0 0
0 0 1 0 0 0
0 0 0 1 1 0
0 0 0 0 1 0
0 0 0 0 0 1

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

t2q −t2(1+q) t2 0 0 0
0 −t t 0 0 0
0 0 1 0 0 0
0 0 0 −t t 0
0 0 0 0 1 0
0 0 0 0 0 1

⎞
⎟⎟⎠ ,

S2(σ3) 
Quant↦→ 

⎛
⎜⎜⎝

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 1 0 0
0 0 1 0 1 0
0 0 1 0 (1+q) q

⎞
⎟⎟⎠

⎛
⎜⎜⎝

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 −t 0 0
0 0 0 0 −t 0
0 0 0 0 0 t2

⎞
⎟⎟⎠=

⎛
⎜⎜⎝

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 −t 0 0
0 0 1 0 −t 0
0 0 1 0 −t(1+q) t2q

⎞
⎟⎟⎠ .

S2(σ2) 
Quant↦→ 

⎛
⎜⎝

1 0 0 0 0 0
1 1 0 0 0 0
1 1+q 1 0 0 0
0 0 0 1 0 0
0 0 0 1 1 0
0 0 0 0 0 1

⎞
⎟⎠
⎛
⎜⎜⎝

1 0 0 0 0 0
0 −t 0 0 0 0
0 0 qt2 0 0 0
0 0 0 1 0 0
0 0 0 0 −t 0
0 0 0 0 0 1

⎞
⎟⎟⎠
⎛
⎜⎝

1 0 0 0 0 0
0 1 0 −1 0 0
0 0 1 0 −(1+q) 1
0 0 0 1 0 0
0 0 0 0 1 −1
0 0 0 0 0 1

⎞
⎟⎠

=

⎛
⎜⎜⎝

1 0 0 0 0 0
1 −t 0 0 0 0
1 −t(1+q) qt2 0 0 0
0 0 0 1 0 0
0 0 0 1 −t 0
0 0 0 0 0 1

⎞
⎟⎟⎠
⎛
⎜⎝

1 0 0 0 0 0
0 1 0 −1 0 0
0 0 1 0 −(1+q) 1
0 0 0 1 0 0
0 0 0 0 1 −1
0 0 0 0 0 1

⎞
⎟⎠= 

⎛
⎜⎜⎝

1 0 0 0 0 0
1 −t 0 t 0 0
1 −t(1+q) t2q t(1+q) −t2(1+q) t2

0 0 0 1 0 0
0 0 0 1 −t t
0 0 0 0 0 1

⎞
⎟⎟⎠ .

Finally, we get in the basis e:

[︁
S2(σ1)e

]︁
q

:=

⎛
⎜⎜⎝

t2q −t2(1+q) t2 0 0 0
0 −t t 0 0 0
0 0 1 0 0 0
0 0 0 −t t 0
0 0 0 0 1 0
0 0 0 0 0 1

⎞
⎟⎟⎠ , 

[︁
S2(σ3)e

]︁
q

:=

⎛
⎜⎜⎝

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 −t 0 0
0 0 1 0 −t 0
0 0 1 0 −t(1+q) t2q

⎞
⎟⎟⎠ ,

(2.122)
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[︁
S2(σ2)e

]︁
q

:=

⎛
⎜⎜⎝

1 0 0 0 0 0
1 −t 0 t 0 0
1 −t(1+q) t2q t(1+q) −t2(1+q) t2

0 0 0 1 0 0
0 0 0 1 −t t
0 0 0 0 0 1

⎞
⎟⎟⎠ .

(2.123)

We rewrite (2.122) and (2.123) in the basis v and compare with the expressions k(t,q)
4 (σr), 

for r =1, 2, 3. We keep the following order to enumerate the elements of the basis e and 
w in S2(C3):

e = (es11, es12, es22, es13, es23, es33), w = (w11, w12, w22, w13, w23, w33). (2.124)

By Lemma 2.10, the change-of-basis matrices C4 and C−1
4 in the space S2(C4) are the 

following:

C4 =

⎛
⎜⎜⎝

1 −1 0 0 0 0
0 1 0 −1 0 0
0 −1 1 1 −1 0
0 0 0 1 0 0
0 0 0 −1 1 0
0 0 0 0 −1 1

⎞
⎟⎟⎠ , C−1

4 =

⎛
⎜⎝

1 1 0 1 0 0
0 1 0 1 0 0
0 1 1 1 1 0
0 0 0 1 0 0
0 0 0 1 1 0
0 0 0 1 1 1

⎞
⎟⎠ . (2.125)

We calculate 
[︁
S2(σr)v

]︁
q

= C4
[︁
S2(σr)e

]︁
q
C−1

4 for r = 1, 2, 3. We have

[︁
S2(σ1)v

]︁
q
= C4

⎛
⎜⎜⎝

t2q −t2(1+q) t2 0 0 0
0 −t t 0 0 0
0 0 1 0 0 0
0 0 0 −t t 0
0 0 0 0 1 0
0 0 0 0 0 1

⎞
⎟⎟⎠C−1

4 = 

⎛
⎜⎜⎝

qt2 0 t(t−1) 0 t(t−1) 0
0 0 t 0 0 0
0 1 1−t 0 0 0
0 0 0 0 t 0
0 0 0 1 1−t 0
0 0 0 0 0 1

⎞
⎟⎟⎠ ,

(2.126)

[︁
S2(σ2)v

]︁
q
= C4

⎛
⎜⎜⎝

1 0 0 0 0 0
1 −t 0 t 0 0
1 −t(1+q) t2q t(1+q) −t2(1+q) t2

0 0 0 1 0 0
0 0 0 1 −t t
0 0 0 0 0 1

⎞
⎟⎟⎠C−1

4 = 

⎛
⎜⎜⎝

0 t 0 0 0 0
1 1−t 0 0 0 0
0 qt(t−1) qt2 0 0 t(t−1)
0 0 0 1 0 0
0 0 0 0 0 t
0 0 0 0 1 1−t

⎞
⎟⎟⎠,

[︁
S2(σ3)v

]︁
q

= C4

⎛
⎜⎜⎝

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 −t 0 0
0 0 1 0 −t 0
0 0 1 0 −t(1+q) t2q

⎞
⎟⎟⎠C−1

4 =

⎛
⎜⎜⎝

1 0 0 0 0 0
0 0 0 t 0 0
0 1 0 0 t 0
0 0 1 1−t 0 0
0 0 0 0 1−t 0
0 0 0 qt(t−1) qt(t−1) qt2

⎞
⎟⎟⎠ .

(2.127)

Applying the operator sσ41 defined by (2.23), where σ41 is defined by (2.33), see (2.124), 
we get s−1

σ41

[︁
S2(σr)v

]︁
q
sσ41 = k

(t,q)
4 (σr) for 1 ≤ r ≤ 3. This coincides with the LK repre

sentation k(t,q)
4 (σr) for B4 in notations (2.16):

k
(t,q)
4 (σ1) =

⎛
⎜⎜⎝

qt2 0 0 t(t−1) t(t−1) 0
0 0 0 t 0 0
0 0 0 0 t 0
0 1 0 1−t 0 0
0 0 1 0 1−t 0
0 0 0 0 0 1

⎞
⎟⎟⎠ , k

(t,q)
4 (σ2) =

⎛
⎜⎜⎝

0 t 0 0 0 0
1 1−t 0 0 0 0
0 0 1 0 0 0
0 qt(t−1) 0 qt2 0 t(t−1)
0 0 0 0 0 t
0 0 0 0 1 1−t

⎞
⎟⎟⎠ ,
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k
(t,q)
4 (σ3) =

⎛
⎜⎜⎝

1 0 0 0 0 0
0 0 t 0 0 0
0 1 1−t 0 0 0
0 0 0 0 t 0
0 0 0 1 1−t 0
0 0 qt(t−1) 0 qt(t−1) qt2

⎞
⎟⎟⎠ .

Remark 2.13. Rinat Kashaev pointed out to the author during his visit to Geneva in 
May 2022, that the formulas (2.126)--(2.127) should be corrected.

Lemma 2.10. The matrices C−1
n+1 and Cn+1 are defined as follows. The columns of the 

matrix C−1
n+1 are defined by the following relations:

wij =
∑︂

i≤k≤r≤j

eskr, 1 ≤ i ≤ j ≤ n. (2.128)

The columns of the matrix Cn+1 are defined by the following relations:

esij =

⎧⎪⎨
⎪⎩

(−1)i+j
∑︁

i≤k≤r≤j(−1)k+rwkr, if 0 ≤ j − i ≤ 1,∑︁j−1
r=i+1(−wir + wi+1,r) + wij − wi+1,j , if i = 1, 2 ≤ j − i,

−wii +
∑︁j−1

r=i+1(−wir + wi+1,r) + wij − wi+1,j , if i > 1, 2 ≤ j − i.

(2.129)

Proof. Indeed, to prove (2.112), (2.125) and (2.133) we note that matrix En = C−1
n is 

block upper-triangular

En =
(︂

an bn
0 cn

)︂
, therefore Cn = E−1

n =
(︂

a−1
n −a−1

n bnc
−1
n

0 c−1
n

)︂
. (2.130)

For n = 3 we have

E3 =
(︃

1 1 0
0 1 0
0 1 1

)︃
=

(︂
a3 b3
0 c3

)︂
, E−1

3 =
(︂

a−1
3 −a−1

3 b3c
−1
3

0 c−1
3

)︂
,

where

a3 = (1), b3 = (1 0), c3 =
(︁ 1 0

1 1

)︁
.

We have c−1
3 =

(︂
1 0
−1 1

)︂
, therefore a−1

3 b3c
−1
3 = (1)(1 0)

(︂
1 0
−1 1

)︂
= (1 0), hence C3 =(︃

1 −1 0
0 1 0
0 −1 1

)︃
. For n = 4 we get

E4 =

⎛
⎜⎝

1 1 0 1 0 0
0 1 0 1 0 0
0 1 1 1 1 0
0 0 0 1 0 0
0 0 0 1 1 0
0 0 0 1 1 1

⎞
⎟⎠ =

(︂
a4 b4
0 c4

)︂
, E−1

4 =
(︂

a−1
4 −a−1

4 b4c
−1
4

0 c−1
4

)︂

where
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a4 = E3, b4 =
(︃

1 0 0
1 0 0
1 1 0

)︃
, c4 =

(︃
1 0 0
1 1 0
1 1 1

)︃
.

Since c−1
4 =

(︃
1 0 0
−1 1 0
0 −1 1

)︃
we get

a−1
4 b4c

−1
4 =

(︃
1 −1 0
0 1 0
0 −1 1

)︃(︃
1 0 0
1 0 0
1 1 1

)︃(︃
1 0 0
−1 1 0
0 −1 1

)︃
=

(︃
0 0 0
1 0 0
−1 1 0

)︃
, C4 =

⎛
⎜⎜⎝

1 −1 0 0 0 0
0 1 0 −1 0 0
0 −1 1 1 −1 0
0 0 0 1 0 0
0 0 0 −1 1 0
0 0 0 0 −1 1

⎞
⎟⎟⎠ .

For n = 5 we have

E5 = C−1
5 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1| 1 0| 1 0 0| 1 0 0 0
0| 1 0| 1 0 0| 1 0 0 0
0| 1 1| 1 1 0| 1 1 0 0
0| 0 0| 1 0 0| 1 0 0 0
0| 0 0| 1 1 0| 1 1 0 0
0| 0 0| 1 1 1| 1 1 1 0
0| 0 0| 0 0 0| 1 0 0 0
0| 0 0| 0 0 0| 1 1 0 0
0| 0 0| 0 0 0| 1 1 1 0
0| 0 0| 0 0 0| 1 1 1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

=
(︂

a5 b5
0 c5

)︂
, E−1

5 =
(︂

a−1
5 −a−1

5 b5c
−1
5

0 c−1
5

)︂
,

where

a5 = E4, b5 =

⎛
⎜⎝

1 0 0 0
1 0 0 0
1 1 0 0
1 0 0 0
1 1 0 0
1 1 1 0

⎞
⎟⎠ , c5 =

(︄ 1 0 0 0
1 1 0 0
1 1 1 0
1 1 1 1

)︄
.

Since c−1
5 =

(︄ 1 0 0 0
−1 1 0 0
0 −1 1 0
0 0 −1 1

)︄
we get

a−1
5 b5c

−1
5 =

⎛
⎜⎜⎝

1 −1 0 0 0 0
0 1 0 −1 0 0
0 −1 1 1 −1 0
0 0 0 1 0 0
0 0 0 −1 1 0
0 0 0 0 −1 1

⎞
⎟⎟⎠

⎛
⎜⎝

1 0 0 0
1 0 0 0
1 1 0 0
1 0 0 0
1 1 0 0
1 1 1 0

⎞
⎟⎠

(︄ 1 0 0 0
−1 1 0 0
0 −1 1 0
0 0 −1 1

)︄
=

⎛
⎜⎜⎝

0 0 0 0
1 0 0 0
−1 1 0 0
1 0 0 0
−1 1 0 0
0 −1 1 0

⎞
⎟⎟⎠ ,

and

C5 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1| −1 0| 0 0 0| 0 0 0 0
0| 1 0| −1 0 0| −1 0 0 0
0| −1 1| 1 −1 0| 1 −1 0 0
0| 0 0| 1 0 0| −1 0 0 0
0| 0 0| −1 1 0| 1 −1 0 0
0| 0 0| 0 −1 1| 0 1 −1 0
0| 0 0| 0 0 0| 1 0 0 0
0| 0 0| 0 0 0| −1 1 0 0
0| 0 0| 0 0 0| 0 −1 1 0
0| 0 0| 0 0 0| 0 0 −1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

. □
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Remark 2.14. The matrix En = C−1
n and E−1

n = Cn have the following form

En =

⎛
⎝

e11 e12 e13 ... e1n−1
0 e22 e23 ... e2n−1
0 0 e33 ... e3n−1

...
0 0 0 ... en−1,n−1

⎞
⎠ , E−1

n =

⎛
⎜⎜⎝

e−1
11 e−1

12 e−1
13 ... e−1

1n−1

0 e−1
22 e−1

23 ... e−1
2n−1

0 0 e−1
33 ... e−1

3n−1
...

0 0 0 ... e−1
n−1,n−1

⎞
⎟⎟⎠ , (2.131)

where ekr ∈ Mat(k × r,C) for 1 ≤ k ≤ r ≤ n− 1 are as follows:

e11 = (1), e22 =
(︁ 1 0

1 1

)︁
, e33 =

(︃
1 0 0
1 1 0
1 1 1

)︃
, ekk = (I − ek)−1, ek =

k−1∑︂
r=1 

Er+1,r,

ekr = (ekk, 0k,r−k), where 0k,r = 0 in Mat(k × r,C). For E−1
n we have

e−1
11 = (1), e−1

22 =
(︂

1 0
−1 1

)︂
, e−1

33 =
(︃

1 0 0
−1 1 0
0 −1 1

)︃
, ekk = (I − ek),

and e−1
1r = 0 for 2 ≤ r ≤ n − 1, e−1

kr := (−e−1
kk , 0k,r−k) for 2 ≤ k < r ≤ n − 1. Notation 

e−1
kr for k < r does not mean the inverse matrix to ekr!

The Burau representation ρ(t)
5 for B5 is as follows:

σ1 ↦→
(︄−t t 0 0

0 1 0 0
0 0 1 0
0 0 0 1

)︄
, σ2 ↦→

(︄ 1 0 0 0
1 −t t 0
0 0 1 0
0 0 0 1

)︄
, σ3 ↦→

(︄ 1 0 0 0
0 1 0 0
0 1 −t t
0 0 0 1

)︄
, σ4 ↦→

(︄ 1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 −t

)︄
. (2.132)

By Lemma 2.10, the change-of-basis matrix C5 and C−1
5 in the space S2(C5) are the 

following:

C5 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 0 0 0 0 0 0 0 0
0 1 0 −1 0 0 −1 0 0 0
0 −1 1 1 −1 0 1 −1 0 0
0 0 0 1 0 0 −1 0 0 0
0 0 0 −1 1 0 1 −1 0 0
0 0 0 0 −1 1 0 1 −1 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 −1 1 0 0
0 0 0 0 0 0 0 −1 1 0
0 0 0 0 0 0 0 0 −1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, C−1
5 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 1 0 1 0 0 1 0 0 0
0 1 0 1 0 0 1 0 0 0
0 1 1 1 1 0 1 1 0 0
0 0 0 1 0 0 1 0 0 0
0 0 0 1 1 0 1 1 0 0
0 0 0 1 1 1 1 1 1 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 1 1 0
0 0 0 0 0 0 1 1 1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (2.133)

Using (2.16) we get

k
(t,q)
5 (σ3) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 0 0
0 0 t 0 0 0 0 0 0 0
0 1 1−t 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 t 0 0 0 0
0 0 0 0 1 1−t 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 qt(t−1) 0 0 qt(t−1) 0 qt2 0 t(t−1)
0 0 0 0 0 0 0 0 0 t
0 0 0 0 0 0 0 0 1 1−t

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.
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Indeed, since

σ3 ↦→ 

(︄ 1 0 0 0
0 1 0 0
0 1 −t t
0 0 0 1

)︄
= 

(︄ 1 0 0 0
0 1 0 0
0 1 1 0
0 0 0 1

)︄(︄ 1 0 0 0
0 1 0 0
0 0 −t 0
0 0 0 1

)︄(︄ 1 0 0 0
0 1 0 0
0 0 1 −1
0 0 0 1

)︄
=

exp(E32) exp(sE33) exp(−E34),

and

S2(eE32) = 

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 1 1 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0
0 0 1 0 1 0 0 0 0 0
0 0 1 0 2 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 1 0
0 0 0 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, S2(e−E34) = 

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 −1 0 0 0
0 0 0 0 1 0 0 −1 0 0
0 0 0 0 0 1 0 0 −2 1
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 −1
0 0 0 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

we get

S2(σ3)
Quant↦→ ⎛

⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 1 1 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0
0 0 1 0 1 0 0 0 0 0
0 0 1 0 (1+q) 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 1 0
0 0 0 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 −t 0 0 1 0 0 0
0 0 0 0 −t 0 0 0 0 0
0 0 0 0 0 qt2 0 0 0 1
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 −t 0
0 0 0 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 −1 0 0 0
0 0 0 0 1 0 0 −1 0 0
0 0 0 0 0 1 0 0 −(1+q) 1
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 −1
0 0 0 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 1 1 0 0 0 0 0 0 0
0 0 0 −t 0 0 0 0 0 0
0 0 1 0 −t 0 0 0 0 0
0 0 1 0 −t(1+q) qt2 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 −t 0
0 0 0 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 −1 0 0 0
0 0 0 0 1 0 0 −1 0 0
0 0 0 0 0 1 0 0 −(1+q) 1
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 −1
0 0 0 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 t 1 0 0 0 0 0 0 0
0 0 0 −t 0 0 t 0 0 0
0 0 1 0 −t 0 0 t 0 0
0 0 1 0 −t(1+q) qt2 0 t(1+q) −t2(1+q) t2

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 −t t
0 0 0 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

Applying the operator sσ51 defined by (2.23), where σ51 is defined by (2.33) we get 
s−1
σ51

C5
[︁
S2(σ3)v

]︁
q
C−1

5 sσ51 = k
(t,q)
5 (σ3). We use the order in the basis S2(C4) like in 

(2.124). Indeed,
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s−1
σ51

C5
[︁
S2(ρ(t)

5 (σ3)e
]︁
q
C−1

5 sσ51 =

sσ51

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 0 0 0 0 0 0 0 0
0 1 0 −1 0 0 −1 0 0 0
0 −1 1 1 −1 0 1 −1 0 0
0 0 0 1 0 0 −1 0 0 0
0 0 0 −1 1 0 1 −1 0 0
0 0 0 0 −1 1 0 1 −1 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 −1 1 0 0
0 0 0 0 0 0 0 −1 1 0
0 0 0 0 0 0 0 0 −1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 t 1 0 0 0 0 0 0 0
0 0 0 −t 0 0 t 0 0 0
0 0 1 0 −t 0 0 t 0 0
0 0 1 0 −t(1+q) qt2 0 t(1+q) −t2(1+q) t2

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 −t t
0 0 0 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

×

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 1 0 1 0 0 1 0 0 0
0 1 0 1 0 0 1 0 0 0
0 1 1 1 1 0 1 1 0 0
0 0 0 1 0 0 1 0 0 0
0 0 0 1 1 0 1 1 0 0
0 0 0 1 1 1 1 1 1 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 1 1 0
0 0 0 0 0 0 1 1 1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

s−1
σ51

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 0 0
0 0 t 0 0 0 0 0 0 0
0 1 1−t 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 t 0 0 0 0
0 0 0 0 1 1−t 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 qt(t−1) 0 0 t(t−1) 0 qt2 0 t(t−1)
0 0 0 0 0 0 0 0 0 t
0 0 0 0 0 0 0 0 1 1−t

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(2.16)= k
(t,q)
5 (σ3).

The formulas (2.21) can be obtained similarly.

Remark 2.15. We can prove (2.101) for general Bn. The reason is the following. By Re
mark 2.1 we can construct the reduced Burau representation for Bn+1 from the reduced 
Burau representation for Bn using formula (2.13). In particular, we can construct the 
reduced Burau representation for B5 starting from the reduced Burau representation for 
B4 by formulas (2.14).

By Lemma 2.1 we can reconstruct the LK representation k(t,q)
n+1 for Bn+1 from the 

LK representation k(t,q)
n for Bn defined by (2.16). That is why it is sufficient to prove 

Theorem 2.3 only for B3 and B4.

3. How to construct new representations of 𝑩𝒏

3.1. Representations of a Lie algebra 𝔰𝔩n+1

We recall, following to J.P. Serre [25], Part I, Ch. VII, §1; Part III, Ch. VII, §6, that 
all irreducible finite-dimensional representations of a simple Lie algebra 𝔰𝔩n+1 are highest 
weight representations and are contained in tensor powers of the natural representation 
πn+1 [31].

The Cartan subalgebra 𝔥 of the Lie algebra 𝔰𝔩n+1 consists of all matrices of the form 
H = diag(λ1, . . . , λn+1) with 

∑︁
k λk = 0. The roots of a Lie algebra 𝔰𝔩n+1 are linear 

functionals αi,j ∈ 𝔥∗, i ̸= j, of the form

αi,j(H) = λi − λj , where H = diag(λ1, . . . , λn+1).

The fundamental wights ωk are defined by

ωk(H) = λ1 + · · · + λk, where H = diag(λ1, . . . , λn+1).
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The fundamental weight ω1 is the fundamental weight of the standard representation 
πn+1 of the Lie algebra 𝔰𝔩n+1 in E =Cn+1. Moreover, the fundamental weight ωk is the 
highest weight of the representation ∧k(πn+1) of 𝔰𝔩n+1 in the space ∧kE (see [25, 1.7.4.6]), 
where ∧k(A) is kth exterior power of A. In the particular case, all irreducible represen
tations of 𝔰𝔩2 are Symn(π2) in Symn(C2), n ∈ N. For 𝔰𝔩3 all irreducible representations 
are contained in tensor product of π3 and ∧2(π3), corresponding to fundamental weights 
ω1 and ω2. All irreducible representations of 𝔰𝔩n+1 are contained in tensor products of 
∧k(πn+1), 1 ≤ k ≤ n.

3.2. New representations of Bn

Let Tnm : 𝔰𝔩n → End(Cm) be any finite-dimensional representation of a Lie algebra 
𝔰𝔩n then exp(Tnm) : SL(n,C) → GL(m,C) is representation of SL(n,C). We can define 
two representations of Bn+1 as follows

σk → Sr
(︁
exp(Tnm) ◦ ρ(t)

n (σk)
)︁
, σk → ∧l

(︁
exp(Tnm) ◦ ρ(t)

n (σk)
)︁
, (3.1)

for r ≥ 2 and 2 ≤ l ≤ m − 1. Consider the exterior square ∧2(ρ(t)
2,4) of the Burau 

representation ρ(t)
2,4 of the group B4 defined by (2.4) and (2.5) in the basis e∧ij , 1 ≤ i <

j ≤ 3 of the space ∧2(C3)

e∧12 = e1 ⊗ e2 − e2 ⊗ e1, e∧13 = e1 ⊗ e3 − e3 ⊗ e1, e∧23 = e2 ⊗ e3 − e3 ⊗ e2.

Lemma 3.1. Representation ∧2(ρ(t)
2,4) of the group B4 is defined by

σ1 →
(︃−t 0 0

0 −t t
0 0 1

)︃
, σ2 →

(︃−t t 0
0 1 0
0 1 −t

)︃
, σ3 →

(︃
1 0 0
1 −t 0
0 0 −t

)︃
. (3.2)

We have

∧2ρ
(t)
2,4 ̸∼ ρ

(t)
4 , for t ̸= −1, but ∧2 ρ

(t)
2,4 = −tJ2ρ

(−t−1)
1,4 J−1

2 , (3.3)

where ρ(t)
1,4 is defined by (2.2) and (2.3) and J2 =

∑︁3
k=1 Ek,4−k =

(︃
0 0 1
0 1 0
1 0 0

)︃
.

Proof. The first part of (3.3) follows from comparison of two spectrums: Sp ρ
(t)
2,4(σ1) =

{−t, 1, 1} and Sp
(︁ ∧2 ρ

(t)
2,4(σ1)

)︁
= {−t, 1,−t} = −t{1,−t−1, 1}. The second part follows 

from (2.2) and (2.3). □
It would be nice to quantize and study the representations of Bn defined by (3.1)

σk → [︁
Sr

(︁
exp(Tnm) ◦ ρ(t)

n (σk)
)︁]︁

q
, σk → [︁ ∧l

(︁
exp(Tnm) ◦ ρ(t)

n (σk)
)︁]︁

q
. (3.4)
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